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a b s t r a c t

The parameters of thermodynamic models, such as the cubic plus association (CPA) equation of state, are
subject to uncertainties due to measurement errors in the experimental data that the models are
correlated to. More importantly as the number of adjustable parameters increase, the parameter esti-
mation problem becomes more complicated due to parameter identifiability issues. In this work the
uncertainties in the pure compound parameters of CO2 are investigated using several different CPA
approaches, including a new quadrupolar CPA. The uncertainties are estimated using both least squares
estimation and the bootstrap method for parameter estimation. The uncertainties in the parameters
estimated from the bootstrap method are propagated to physical property and vapor liquid equilibrium
predictions using Monte Carlo simulations.

The results indicate that both the pure compound parameter uncertainty and the propagated uncer-
tainty are negligible for the modeling approaches which employ three adjustable parameters. For
modeling approaches with more than three adjustable parameters, however, there may be significant
uncertainties in the pure compound parameters, as well as a high degree of correlation between the
adjustable parameters. This results in significant propagated errors for certain output properties. To
reduce the uncertainty in the adjustable model parameters the heat of vaporization was included as
additional correlation data. This resulted in parameter distributions which followed a normal distribu-
tion more closely, however, the correlation between the adjustable parameters remained high. Overall
the results indicate, that it is important to report parameter uncertainties together with their correlation
matrix when a model is developed, so that better informed decisions can be made, for instance about
which model extension, or association scheme should be employed.

© 2015 Elsevier B.V. All rights reserved.

1. Introduction

The pure compound parameters of advanced thermodynamic
models such as the cubic plus association (CPA) equation of state
(EoS) [1] and the Statistical Association Fluid Theory (SAFT) [2] are
typically correlated to the saturated vapor pressure and saturated
liquid densities using a least squares (LSQ) minimization approach
in which, presumably, unique parameters are estimated. Even the
most accurate experiments, however, are subject to measurement
errors. Moreover the parameters may be correlated, so that a
change in one parameter can be compensated by a change in

another. Consequently the pure compound parameters will be
associated with some degree of uncertainty, which is typically
assumed insignificant in the majority of studies thus far. Even small
errors in the parameters, however, may significantly affect the
result of a simulation [3,4]. While several researchers have drawn
attention to this problem [4e10] surprisingly little work has been
done on analyzing and quantifying the uncertainty of parameters in
thermodynamic models and their effect on physical property and
equilibrium calculations.

Thework of Whiting and co-workers [3,11e16] is perhaps one of
the most notable contributions to uncertainty estimates of ther-
modynamic models. Using a Monte Carlo approach the authors
analyzed the effect of uncertainties in thermodynamic data and
their effect on process design. More recently Mathias and co-* Corresponding author.
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workers [17e19] also investigated the importance of uncertainty
propagation for processes such as CO2 capture. Hajipour and co-
workers [20e22] estimated the critical properties for a large
number of hydrocarbons. The authors took both the experimental
uncertainty in the data as well as the correlation between ther-
modynamic model parameters into account. Subsequently the
uncertainties of the binary interaction parameters for 87 binary
mixtures were estimated by use of the pure compound
uncertainties.

Most research has focused on the propagated error from a
thermodynamic model to various unit operations such as distilla-
tion columns (e.g. Refs. [5,6,17,23]). Uncertainty analysis, however,
can also be used for model development and comparison; by
comparing the uncertainties of selected physical properties and
equilibria for different models, we can compare the models more
objectively. For instance when models such as CPA and SAFT are
compared, they often perform almost identically and what differ-
ences are present may, in many cases, be due to statistical un-
certainties in the pure compound parameters of the models, rather
than due to one model being superior to the other.

In an effort to improve the performance of models such as SAFT
and to obtain a physically more correct model, additional terms are
often added to the base EoS. The addition of an extra term typically
leads to an increase in the number of adjustable parameters. This
may make it difficult to estimate unique pure compound parame-
ters due to high correlations between parameters as well as the
possible presence of multiple local minima. One reason for this is
that the data used for parameter estimation is too limited in rela-
tion to the model complexity, which must be able to predict a wide
range of properties besides those its parameters are fitted to. This
may be particularly relevant for a molecule such as CO2, for which
the vapor pressure curve is very short. Both SAFT and CPA can for
instance correlate the saturated vapor pressure and liquid density
of CO2 almost within experimental error, using only the three pure
compound parameters commonly employed for non-associating
molecules.

Unfortunately neither EoS can predict (i.e. kij¼ 0) the unusual
phase behavior of mixtures containing CO2 very well. The reason
for this is believed to be, that CO2 has a large quadrupole
moment, which the traditional approaches do not account for.
The large quadrupole moment is, for instance, believed to be the
reason for the liquideliquid equilibrium between CO2 and heavy
hydrocarbons. During the past decade several quadrupolar terms
have been added to the SAFT framework [24e27]. Unfortunately
the new terms are often parametrized by using an additional
pure compound parameter (such as an ‘effective’ quadrupolar
moment). Other more pragmatic approaches tend to treat CO2 as
a self-associating or solvating molecule. Tsivintzelis et al. [28],
for instance, demonstrated that such an approach often works
quite well, at the cost of two additional pure compound pa-
rameters. If the uncertainties in parameters are significant,
however, it may be difficult to compare the performance of
various modeling approaches, as their differences may be due to
the parametrization, rather than the superiority of one model
over the other.

In this work, the uncertainties in the pure compound parame-
ters of CO2 are systematically evaluated, when different modeling
approaches are employed with CPA as the base model. The uncer-
tainty estimates are obtained from either a linear approximation of
the covariance matrix of parameters estimated from nonlinear
regression (LSQ) or using the Bootstrapmethod [29]. A Monte Carlo
procedure (with latin hypercube sampling (LHS) and ImaneCon-
over correlation control) is employed to quantify the effect of
parameter uncertainty by propagating the uncertainties to various
derivative properties and binary equilibrium calculations.

2. Methods

2.1. Parameter estimation e uncertainty and correlation

The pure compound parameters in CPA are typically fitted to
saturated pressures and saturated liquid densities using aweighted
LSQ objective function. Ideally experimental data should be used
for such correlations, however, more often than not, pure com-
pound correlations, such as that of Span and Wagner [30], as
implemented in the Reference Fluid Thermodynamic and Transport
Properties (REFPROP) program [31] and as disseminated through
the National Institute of Standards and Technology (NIST) Chem-
istry Webbook [32] are employed as pseudo-experimental data,
since their correlations are accurate to within experimental error
for many compounds. While such pseudo-experimental data are a
convenient way of quickly obtaining quite accurate data for many
compounds, the measurement errors present in the experimental
data is lost. Moreover as the number of model parameters is
increased and the closeness of fit improves, there is a clear risk of
over-fitting.

In this work we investigate and compare the uncertainty when
CO2 is treated as either an inert (non-associating, non-quadrupolar)
molecule, an associating molecule, and as a quadrupolar molecule.
In the first two cases regular CPA is employed with and without
association (with focus primarily on scheme 4C). In the latter case
we employ the quadrupolar CPA (qCPA) which is a recent extension
of CPA to quadrupolar fluids suggested by Bjørner and Kontogeorgis
[33]. Equations for CPA and qCPA can be found in appendix
Appendix A or in the literature [1,33e36]. Two cases are evaluated
when CO2 is considered to be a quadrupolar molecule, one where
no additional adjustable parameter is employed and one where an
additional volumetric parameter is employed. Table 1 summarizes
the various approaches and the adjustable parameters involved in
each approach.

2.1.1. The least squares method
The LSQ method is a frequentist approach, in which the un-

derlying model parameters are assumed to have true fixed values.
However, since experimental data are subject to measurement er-
rors these values can only be estimated by probability distributions
of the measurement errors with the aid of statistical estimators
[38,39]. That is, the model parameters are not random but the es-
timators are, since they depend on the measurements. If is is
assumed that the experimental error can be described by a normal
distribution with mean equal to the experimental measurement,
then the LSQmethod is equivalent tominimizing theweighted sum
of squares of the difference between measurements (exp) and
mathematical model (m):

min c2ðqÞ ¼
X
i¼1

N
 
yexpi � ymi ðq; TiÞ

s
exp
i

!2

(1)

where N is the number of experiments, yexpi is the ith experimental
value of an output property, such as the saturated density or
saturated pressure, ymi ðq; TiÞ represent the results from themodel at
temperature, Ti, where q is a vector of adjustable parameters which
depends on the modeling approach. The weight of the ith term is
given as the inverse variance of the ith measurement, (s2exp;i). In
principle s is the total standard deviation including both the un-
certainty in dependent and independent variables. In this work,
however, we assume that the uncertainty in the independent var-
iables is insignificant, which greatly simplifies the data fitting
problem.

Under a linear approximation the covariance matrix of
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