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a b s t r a c t

Cylindrical wire or fiber electrodes are attractive for electro-analytical applications, but the theory of
transient methods at such electrodes is complicated, necessitating approximate expressions or proce-
dures for computing various special functions occurring in the theory. One of such functions is the inte-
gral transformation kernel function corresponding to semi-infinite pure diffusion conditions. In the
present work a highly accurate and computationally inexpensive procedure for computing the cylindrical
contribution to this kernel function is presented. The procedure relies on local polynomial approxima-
tions covering the entire argument domain, and it provides at least 14–15 significant digits. The proce-
dure also computes qth order moment integrals of the kernel function (where q P 0 is a real number).
The relative accuracy of 14–15 digits, of the moment integrals, has been verified for q = 0, 1 and 2. The
procedure can be used in conjunction with numerical algorithms for the solution of integral equations
or for the convolution analysis of experimental transients. It can also be used for the computation of chro-
nopotentiometric responses to the programmed current density following the power-time dependence
i(t) = i0tq with integer q P 0, which is shown as an example application.

� 2011 Elsevier B.V. All rights reserved.

1. Introduction

Cylindrical wire or fiber macro- and micro-electrodes [1–3] are
attractive for kinetic or electro-analytical applications [4,5]. Unfor-
tunately, the theory of transient experiments [6] for such electrodes
is more complicated than in the case of planar or spherical
electrodes, necessitating some kind of numerical approximations
in almost all theoretical considerations. Contemporary digital
simulation methods [7] based on the direct numerical solution of
partial differential equations present one possible approach to
obtaining such numerical approximations. Methods of this kind
are increasingly often utilised with the help of relevant commercial
software packages. However, voices can be heard, from prominent
theoreticians [8], that the electrochemists ‘‘being content to rely
on commercial packages based on obscure algorithms (� � �) may
come to have only a shallow understanding of the processes taking
place in their cells’’, and that ‘‘the advent of commercial software is
now leading to rapid data interpretation, but at the price of deeply

misconstruing the underlying mathematics’’. For this reason, theo-
retical approaches based on analytical or semi-analytical solutions
of the electro-analytical models should be preferable over direct
simulations whenever possible, as they necessitate more intellec-
tual commitment than the blind uses of the black-box software,
and thereby ensure a more satisfactory level of scientific insight
and understanding. However, in order to make the analytical or
semi-analytical approaches feasible, a need arises for accurate
and efficient procedures of computing various special functions
that occur in the analytical theory of transient methods at cylindri-
cal wire electrodes.

In the present paper we describe a highly accurate and inexpen-
sive procedure for computing a few special functions related to the
integral transformation kernel specific for cylindrical wire elec-
trodes under pure diffusion transport in semi-infinite medium.
As was shown by Aoki et al. [9], the relationship between the con-
centration ci(r0, t) of any ith species and its flux Di@ciðr; tÞ=@rjr¼r0

at
the surface of a wire electrode with radius r0 and at time t, is given
by the convolution formula:

ciðr0; tÞ ¼ c�i � D�1=2
i

Z t

0
Kiðt; sÞ½Di@ciðr; sÞ=@rjr¼r0

�ds: ð1Þ

Here c�i is the initial/bulk concentration of the species, Di is its dif-
fusion coefficient, and Ki(t, s) is the aforementioned integral trans-
formation kernel:
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Kiðt; sÞ ¼ qi/ðq2
i ðt � sÞÞ; ð2Þ

where qi ¼ D1=2
i =r0, and /(h) (with h standing for q2

i ðt � sÞ) has the
following Laplace transform /̂ðsÞ:

/̂ðsÞ ¼Lf/ðhÞg ¼ K0ðs1=2Þ
s1=2K1ðs1=2Þ : ð3Þ

In Eq. (3) s is the Laplace variable (the Laplace transformation
Lf� � �g is from the h domain to the s domain), and K0(z) and K1(z)
are modified Bessel functions of the second kind and orders 0 and
1, respectively. The transform /̂ðsÞ cannot be inverted analytically,
so that an approximate procedure for computing /(h), and hence
Ki(t, s), is necessary. Such a procedure is described in this work, to-
gether with provisions for computing qth order moment integralsR h

0 /ð#Þ#q d# of /(h), where q P 0 is a real number (the 0th order
moment integral is just the ordinary integral of /(h)).

Accurate procedures for the computation of the transformation
kernel functions and their moment integrals (for any electrode
geometry) are of interest for a number of reasons. First, these func-
tions occur in the algorithms for the numerical solution of electro-
chemical integral equations [10] resulting from the convolution
relationships such as Eq. (1). A number of the algorithms makes
use of the following idea: if the unknown species flux
Di@ciðr; sÞ=@rjr¼r0

in Eq. (1) is expanded into a truncated power ser-
ies with respect to the variable s, then the integral in Eq. (1) be-
comes a certain linear combination of the moment integrals of
the kernel function, involving successive, qth powers of s, with
q = 0, 1, . . . In the case of cylindrical wire electrodes these moment
integrals are related to the aforementioned moment integralsR h

0 /ð#Þ#q d# by a change of variables. In order to find the solution
of the integral equation, the coefficients of the power series must
be determined. In particular, the adaptive Huber method recently
developed by the present author [11–14] approximates the un-
known flux locally by (piecewise) linear functions of s, which im-
plies that moment integrals for q = 0 and 1 are needed for
computing the numerical solution for the flux, and additionally
the moment integral for q = 2 allows estimation of the numerical
error. Higher order terms of the power series are neglected. There-
fore, in order to extend the method to integral equations specific
for the cylindrical wire electrodes, approximations to the moment
integrals with q = 0, 1 and 2, for the kernel (2) are needed. The
approximations must be highly accurate in order to maintain the
level of accuracy of the adaptive Huber method, achievable for
other kernel functions. This application has been the main motiva-
tion for the present work, and the extension of the adaptive Huber
method to cylindrical wire electrodes will be presented in a future
paper. Second, similar needs arise in the algorithms for performing
the generalised convolution analysis of the experimental transients
(see, for example, Refs. [15,16] for the discussion of the convolu-
tion analysis for cylindrical wire electrodes). The algorithms are
largely analogous to those used for solving integral equations,
since convolution integrals such as the integral in Eq. (1) have to
be computed numerically in both cases. In particular, the convolu-
tion algorithm from Refs. [15,16] makes use of the double integral
of /(h), for which the integration by parts gives (in view of the 0th
order moment integral tending to zero when the integration inter-
val reduces to zero):
Z h

0

Z #

0
/ðgÞ dg d# ¼ h

Z h

0
/ð#Þ d#�

Z h

0
/ð#Þ# d#; ð4Þ

meaning that the double integral can be expressed in terms of the
0th and first order moment integrals of /(h). Third, the 0th order
moment integral of /(h) occurs in the theory of constant current
chronopotentiometry at cylindrical wire electrodes [17–20], and
the moment integrals for integer q = 1, 2, . . . are expected to occur
in the theory of chronopotentiometry with the programmed current

density following the power-time dependence: i(t) = i0tq, in the case
of integer exponents q (see Section 3 later). Such a variant of chro-
nopotentiometry has been considered advantageous (over constant
current chronopotentiometry) by a number of authors (see, for
example, Refs. [21–26]), but the relevant theory for cylindrical wire
electrodes still appears unavailable, with the exception of the case
of q = 1/2 [21].

There have been very few attempts to obtain approximate
expressions for /(h) and its moment integrals. One approximation
can be obtained from the asymptotic series for the transform /̂ðsÞ
in the limit of large s. The inverse Laplace transforms of the N + 1
successive terms of the series can be obtained analytically, which
gives [15,16] the following approximation to /(h), valid for small h:

/ðhÞ � ðphÞ�1=2 �
XN

m¼0

a0
mxm; ð5Þ

where x = h1/2. The first few coefficients a0
m are given in Table 1. Ana-

lytical integration of Eq. (5) gives a related approximation toR h
0 /ð#Þ d# [17,18,20]. There are also other formulae and approxima-

tions to
R h

0 /ð#Þ d#. One of them is the identity [17,19,20,27]:
Z h

0
/ð#Þ d# ¼ 4

p2

Z 1

0

1� expð�u2hÞ
u3 J2

1ðuÞ þ Y2
1ðuÞ

h i du; ð6Þ

where J1(z) and Y1(z) are the Bessel functions of the first and second
kind, respectively, and of order one. The integral in the right-hand
side of Eq. (6) can be evaluated numerically. A series expansion va-
lid for large h is also known:
Z h

0
/ð#Þ d# ¼ f

2
þ fþ 1

4h
� ð3þ p2Þ=2� f� 3f2

32h2 þ � � � ; ð7Þ

where f = ln(4h) � c, with c denoting the Euler gamma constant
0.57722. . . Carslaw and Jaeger [27] gave the first two terms of this
series; the third term was derived by Dornfeld and Evans [28]. Yet
another approximation, claimed to have an accuracy of 3% for h
ranging from 0 to 104, was proposed in Ref. [20]:
Z h

0
/ð#Þ d# �½2ðh=pÞ1=2 � h=2� expð�1:44h1=2Þ

þ 0:484 lnðhþ 0:33Þ þ 0:517: ð8Þ

Apart from the formulae (5)–(8), approximate values of /(h) can be
computed by the algorithms for the numerical inversion of the
Laplace transform, advocated for electrochemical applications by
Montella and co-workers [29–31].

Table 1
The first few coefficients a0

m of the asymptotic approx-
imation (5). The coefficients have been obtained by
invoking the MATHEMATICA program [33] command
Series[BesselK[0, z]/BesselK[1, z], {z,1, 20}] to find 20
terms of the asymptotic expansion of K0(z)/K1(z) for
large z, and next by applying the InverseLaplaceTrans-
form[� � �] command to the successive expansion terms
of /̂ðsÞ, to obtain their inverse transforms.

m a0
m

0 1/2
1 �3/(4p1/2)
2 3/8
3 �21/(32p1/2)
4 27/64
5 �633/(640p1/2)
6 27/32
7 �181161/(71,680p1/2)
8 10809/4096
9 �382281/(40,960p1/2)

10 917541/81,920
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