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A numerical study is carried out concerning natural and mixed convection heat transfer of nanofluid in a two-
dimensional square cavity with several pairs of heat source-sinks. Two-dimensional Navier–Stokes, energy and
volume fraction equations are solved using the finite volume method. Effects of various design parameters
such as external and internal heating, number of the coolers, Rayleigh number (103 ≤ Ra ≤ 107), Richardson
number (0.01 ≤ Ri ≤ 1000), nanoparticle volume fraction (0 ≤ φ ≤ 0.05), size (25nm ≤ dp ≤ 145nm) and type
(Cu, Al2O3, TiO2) on the heat transfer rate and distribution of nanoparticles are investigated. The simulation
results indicate that there is an optimal volume fraction of the nanoparticles for each Rayleigh number and
Richardson number at which the maximum heat transfer rate occurs. It is also observed that at low Rayleigh
numbers and high Richardson numbers, the particle distribution is fairly non-uniform. Moreover, it is found
that thermophoretic effects are negligible for nanoparticles with high thermal conductivity. As a result, in such
conditions the use of homogeneous and single-phase models is valid at any Ra and Ri.

© 2015 Elsevier B.V. All rights reserved.

1. Introduction

The Buoyancy-induced convection happens in a great number of in-
dustrial applications such as indoor ventilation with radiators, cooling
electrical components, cooling reactors and heat exchangers [1]. In all
of these applications engineers are constantly looking for methods to
improve the overall heat transfer efficiency by implementing a wide
spectrumof technics, fromdesign optimization to use of novelmaterials
like nanofluids. In this process, numerical simulation as a relatively in-
expensive research tool, has been extensively used to provide insights
to the heat transfer mechanism. Since complex industrial geometries
can be computationally expensive and case specific, simplified geome-
tries like a square cavity are widely used to isolate and demonstrate ef-
fect of design parameters on the heat transfer. Work of Oztop et al. [2]
can bementioned as example of such studies, inwhich they numerically
studied mixed convection in square cavities with two moving walls.
Their results suggest that when the vertical walls move upwards in
the same direction, the heat transfer decreases significantly compared
to when the vertical walls move in opposite directions. In a similar
work, Islam et al. [3] performed a numerical simulation on a lid-driven
cavity with an isothermally heated square blockage. Their results

showed that Richardson number, size and location of the heater eccen-
tricities affect the average Nusselt number of heater. Qi-Hong Deng [4]
studied laminar natural convection in a two dimensional square enclo-
surewith two and three source–sink pairs on the vertical sidewalls. The
obtained results showed that the heat transfer betweenwalls of heaters
and coolers, in terms of the average Nusselt number values, is one-to-
one in a reversed manner. Wang et al. [5] investigated the natural con-
vection heat transfer of a pair of hot and cold horizontal micro tubes at
low Rayleigh numbers in a square cavity. They found that, by changing
the location of the hot and cold tubes, the heat transfer rate varies
sharply. In addition, their results show that by increasing Rayleigh num-
ber the heat transfer rate increases. Park et al. [6] performed a numerical
simulation on a square cavity with a pair of hot horizontal cylinders po-
sitioned at different vertical locations. They observed that the local
Nusselt numbers on the surface of the cylinders strongly depend on
the gap distance between the two hot cylinders and the walls of the
cavity.

Theheat transfer can be greatly improvedwhennanofluid is used in-
stead of pure fluids (e.g. water, oil, ethylene glycol). Nanofluids aremix-
tures of nano-sized solid particles (usually smaller than 150 nm)
dispersed in a base fluid. In the past decade, various types of nanoparti-
cles such as (Cu, AL2O3, TiO2, Ag, Au, and Tic) have been used to increase
the heat transfer coefficient. The most important characteristic of
nanofluids is their high thermal conductivity relative to the pure fluids,
which can be achieved even at very low volume fraction of
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nanoparticles. The heat transfer characteristics of nanofluids depend
on the size, volume fraction, shape and thermo-physical properties
of nanoparticles as well as the base fluid properties [7–10]. In gener-
al, numerical simulation of the velocity field, the temperature distri-
bution and the heat transfer rate of nanofluids can be performed
using two main approaches, namely Single-phase and Two-phase
methods. The former assumes that the continuous phase and the
nanoparticles are in thermal equilibrium and move with the same
velocity, and has been used to simulate both natural convection
[11–18] and mixed convection [19–21] in nanofluids. Corcione [11]
and Garoosi et al. [12] investigated the natural convection of
nanofluid at different geometries using the model proposed in [10]

to estimate the effective viscosity and thermal conductivity of
nanofluid. Their results show that there is an optimum volume frac-
tion of nanoparticles, where the maximum heat transfer rate occurs.
Kefayati et al. [13] and Sheikholeslami et al. [15] studied the effects of
magnetic field on natural convection flow in a cavity filled with
nanofluid for different geometries. They used the Brinkman [7] and
Maxwell-Garnett [8] models to estimate the effective viscosity and
thermal conductivity of the nanofluid. They stated that the increase
in volume fraction of nanoparticle and Ra enhances the heat transfer
rate. Sheikholeslami et al. [16] have performed a numerical study of
magnetic field effects on natural convection around a horizontal cir-
cular cylinder inside a square enclosure filled with nanofluid. They
found that the heat transfer rate is an increasing function of nanopar-
ticle volume fraction as well as the Rayleigh number, while it is a de-
creasing function of the Hartmann number (Ha). In addition, their
results indicated that for Ha b 20 the enhancement in average
Nusselt number at Ra = 104 is greater than at other Rayleigh num-
bers. In a similar work, Sheikholeslami et al. [17] studied the effects
of magnetic field on ferrofluid flow and heat transfer in a semi annu-
lus enclosure. They reported that increasing Magnetic number, Ray-
leigh number and volume fraction of the nanoparticles lead to
augmentation of the heat transfer rate but the average Nusselt num-
ber decreases with increase of Hartmann number and Radiation
parameter.

Kalteh et al. [19] investigated laminar mixed convection of
nanofluid in a lid-driven square cavity with a triangular heat source
and found that increasing the nanoparticle diameter leads to a de-
crease in the heat transfer rate at any Ri. Talebi et al. [21] studied
mixed convection of nanofluids inside the differentially heated cavi-
ty (DHC). They showed that heat transfer rate has a direct relation-
ship with Rayleigh number and nanoparticle concentration. They
also showed that at a given Reynolds number the stream function
increases with increasing volume fraction of nanoparticles, in partic-
ular at the higher Rayleigh number.

However, experimental study ofWen and Ding [22] questions the
validity of the single-phase assumption for nanofluids. Since the slip
velocity between the base fluid and particles may not be zero, more
advanced methods are developed to capture the nanofluid behavior
more accurately [23–32]. In a pioneering work, Buongiorno [33] pre-
sented Brownian diffusion and thermophoresis as two important
primary slip mechanisms between solid and liquid phases. He
found that, with considering the effects of thermophoretic, the tem-
perature gradient resulted in particle transport from a hot region to a
cold region. Later, work of Corcione et al. [23] confirmed that the two
phasemixture method of Buongiorno provides more accurate results
compare to the single-phase methods. Other studies also confirm the
better accuracy of model of Buongiornowith respect to experimental
measurements [25,29]. Malvandi et al. [24] investigated slip flow of
alumina/water nanofluid in a circular microchannel. They found
that nanoparticles move from the hot wall towards the core region
where fluid temperature is lower than elsewhere and result in a non-
uniform nanoparticle distribution. More recently, Sheikholeslami et al.
[26] studied three dimensional nanofluid flow and heat transfer
in a rotating system in the presence of a magnetic field using
Buongiorno's model. Their results indicated that heat transfer rate
has a direct relationship with Reynolds number while it has a reverse
relationship with thermophoretic parameter and Brownian parame-
ter. They also showed that the concentration boundary layer thick-
ness decreases with increase of thermophoretic and Brownian
parameter. Sheikholeslami and Ganji [31] analyzed two phase
modeling of nanofluid in a rotating system with permeable sheet.
Their results indicated that thickness of the concentration boundary
layer decreases with the increase of thermophoretic parameter and
Brownian parameter. Sheikholeslami et al. [32] investigated the ef-
fects of thermophoresis and Brownian motion on the heat transfer
rate of the nanofluid under magnetic field. They observed that

Nomenclature

A surface area per unit depth A = 2(L + W), m
Cp specific heat, J kg−1 K−1

DB Brownian coefficient, kg m−1 s−1

df diameter of the base fluid molecule, m
dp diameter of the nanoparticle, m
DT Thermophoresis coefficient, kg m−1 s−1 K−1

g Gravitational acceleration, ms−2

Gr Grashof number (= gβΔTH3/ν2)
H enclosure height, m
Jp Particle flux vector, kg m−2 s−1

k thermal conductivity, Wm−1 K−1

kb Boltzmann's constant = 1:38066� 10
−23 JK

−1

Nui Average Nusselt number on thewalls of the each heater
or cooler

Nutot Sum of Nui of all heaters or coolers
p pressure, Nm−2

P dimensionless pressure
Prf Prandtl number (= νf/αf)
Raf Rayleigh number (= gβf(Th − Tc)H3/αfνf)
ReB Brownian-motion Reynolds number
Re Reynolds number (= U0H/ν)
Ri Richardson number (= Gr/Re2)
T temperature, K
Tfr freezing point of the base fluid, K
u,v velocity components, ms−1

uB Brownian velocity of the nanoparticle, ms−1

U, V dimensionless velocity components
x,y Cartesian coordinates, m
X, Y dimensionless Cartesian coordinates

Greek symbols
α thermal diffusivity, m2s−1

β Thermal expansion coefficient, K−1

θ dimensionless temperature
μ dynamic viscosity, kg m−1 s−1

ν kinematic viscosity, m2s−1

ρ density, kg m−3

φ volume fraction of the nanoparticles (vol. nanoparticles/
total vol.)

ψ stream function (¼ −∫
Y

Y0
U∂Y þ ψ X;Y0ð Þ)

Subscripts
c cold wall
f fluid
h hot wall
nf nanofluid
p solid nanoparticles
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