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The drag of non-spherical rough particles has been investigated in a wide range of Reynolds numbers (0.03–
10,000). The study is based on experimental measurements of the terminal velocities of irregular particles falling
in fluids of different densities and viscosities. The particle shape is described by a shape factor that takes into
account both sphericity and circularity, which are measured via image particle analysis techniques. This shape
factor is particularly suitable for non-spherical and highly irregular particles. The drag coefficient has been corre-
lated to the particle Reynolds number and the shape factor and a new correlation law has been found; the corre-
lation has the functional form of a power law. Due to themutual dependency of the particle terminal velocity on
the drag coefficient, which in turn depends on the particle shape and Reynolds number, an iterative procedure
needs to be designed for calculating the terminal velocity of particles of a specific size and shape. Such a proce-
dure is adopted herein and a spreadsheet and a Fortran 90 code allowing the iterative calculation are provided
in the Supplementary Material. The fitting of experimental measurements with our model calculations show
that our new law predicts the drag coefficients and the terminal velocity of irregularly shaped particles, as
volcanic ash, more accurately than other shape-dependent drag laws.

© 2015 Elsevier B.V. All rights reserved.

1. Introduction

The knowledge of how irregularly shaped particles settle in quies-
cent or moving fluids is fundamental in a wide range of research fields
and applications, from industrial (e.g. chemical engineering) to natural
processes (sedimentation of solid particles in rivers and during explo-
sive eruptions) [1–6]. The equilibriumvelocitywt atwhich particles set-
tle in a static Newtonian liquid can be calculated by balancing the
surface (drag) and body forces acting on the particle [7], thus obtaining
the Netwon's impact law:

wt ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4gdp ρp−ρ

� �
3Cdρ

vuut ð1Þ

where g is the gravitational acceleration, dp is the particle size, ρp is the
particle density, ρ is the fluid density and Cd is the drag coefficient
(refer to Table 1 for Symbol notation), which, for a spherical particle, is
solely a function of the particle Reynolds number:

Re ¼ ρwtdp
μ

ð2Þ

where μ is the fluid viscosity. From numerous experiments on spherical
particles it was possible to define a Cd vs. Re experimental relationship,
which was however not easily interpolated to obtain a single drag law
over the entire Re range (from 0 to 107). For this reason several correla-
tions have been proposed in the literature, each having a different accu-
racy and range of applicability (e.g. Schiller and Naumann [8]; Dallavalle
[9]; Clift et al. [10];White [11]). For non-spherical particles these correla-
tions are no longer valid and the drag coefficient is a function of both
particle Reynolds number and shape.

In themultiphasefluid dynamics literature there is not a uniqueway
to define the shape of a particle. Some authors use the ratio between the
volume-equivalent-sphere and the surface-equivalent-sphere diame-
ters (dn/dA), where the surface is that of the projected area [2,12–14].
Other authors, in order to focus on the effects of particle elongation, de-
fineparticles shape in termsof the aspect ratio (particle length along the
symmetry axis over the largest diameter of the cross section) [15,16].
Another important shape factor is the sphericity, which is the ratio
between the surface area of the equivalent sphere Asph and that of the
actual particle Ap:

Φ ¼ Asph

Ap
: ð3Þ

Sphericity is probably the most widely used among the shape
factors, as it is generally considered to be an accurate shape descriptor
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for isometric non-spherical particle [3,17–21]. However it is very diffi-
cult to be evaluated for highly irregular particles, since it is not easy to
measure Ap. Therefore other shape factors have been devised, e.g. the
circularity c [2]:

c ¼ πdA
P

ð4Þ

where P is the projected perimeter of the particle in its direction of
motion. Another possibility is to use combinations of the three principal
axes of an irregular particle (dl, dm, ds: long, medium and short axes,
respectively), e.g. the Corey shape factor [22,23]. Finally, for highly irreg-
ular particles, Dellino et al. [3] found that the ratio between sphericityΦ
and a newly defined circularity Xwas an effective shape descriptor:

Ψ ¼ Φ
X
: ð5Þ

The circularity X is more suitable in the case of experiments inwhich
the secondarymotions of the falling particles are not taken into account
in the analysis. Indeed parameters like c (Eq. (4)) can be measured in
experiments in which the particle shape is regular, although not spher-
ical, thus allowing to have a complete and constant control of its posi-
tion relative to the surrounding fluid during the fall experiment and,
therefore, to know the value of the projected area and perimeter. Details
on Ψ will be discussed in the following section.

Basing on these diverse shape factors and on experimental data from
free-fall experiments (e.g. Tran-Cong et al. [2]; Dellino et al. [3]), wind
tunnel testing (e.g. Bagheri et al. [24]) or by compiling data from the
literature, previous authors (e.g. Chhabra et al. [1]; Hölzer and
Sommerfeld [21]) have found different correlations between Cd, Re
and particle shape. Generally these relationships are valid among spe-
cific Re ranges, and are obtained from experiments on non-spherical
particles butwithwell-defined shapes (e.g. cylinder, disks, octahedrons,
etc.), which allow a good control on the effective area exposed by the
particle to the fluid during settling. However, this case is not represen-
tative of irregular natural cases, such as those transported by wind or
water or pumice particles produced during explosive eruptions, in
which the grains are far to be described by well-defined shapes. In
this sense the lawofDellino et al. [3] represented a useful improvement,
as it was derived from free-falling experiments of highly irregular parti-
cles of volcanic origin of different sizes, densities and shapes. The rela-
tionship found by Dellino et al. [3] is valid for Re N 50, although it was
later verified that its validity could be extended down to 10 [25]. In
this paper new experiments on the same particles falling at different
Re numbers were designed in order to cover lower Re values down to
less than 1 and a new drag law covering the enlarged Re range was ob-
tained. This represents, in our opinion, an important step forward for
the characterization of fine particulate solids transportation by fluid
currents.

2. Particle shape factors and settling experiments

In order to obtain a model to predict the terminal velocity of irregu-
larly shaped particles, the particle parameters have been measured and
experiments performed on them following the procedure described in
Dellino et al. [3] andMele et al. [26]. The complete experimental dataset
is reported in the Microsoft Office Excel file table.xlsx (in the first sheet
“Experiments”) available as Supplementary Material.

2.1. Particle parameters

Experiments were performed using the same set of particles
employed in Dellino et al. [3]. The particles were sampled from the
volcanic material erupted during explosive eruptions at Vesuvius and
Campi Flegrei volcanoes, Italy. They are characterized by a wide range
of size, density and shape.

The size of a particle, dp, was taken as equal to the diameter of the
equivalent sphere, dn:

dp ¼ dn ¼
ffiffiffiffiffiffiffiffi
6m
πρp

3

s
ð6Þ

wherem is the particlemass. Particle density ρpwasmeasured, depend-
ing on the particle size, by two standard Gay–Lussac picnometers of 25
and 5 ml capacities.

In order to calculate particle sphericity Φ, which is needed for the
evaluation of Ψ, Asph and Ap had to be measured (Eq. (3)). The surface
area of the equivalent sphere Asph is:

Asph ¼ 4π
dp
2

� �2

: ð7Þ

As an approximation of Ap, we took the area of a scalene ellipsoid [3]:

Ap ¼ 4π
dl=2ð Þ2 dm=2ð Þ2 þ dl=2ð Þ2 ds=2ð Þ2 þ dm=2ð Þ2 ds=2ð Þ2

3

 ! 1
1:6075

ð8Þ

where dl, dm, ds were defined in the Introduction section.

Table 1
Symbol notation.

Symbol Description Units

Latin
a Exponent applied to Re –

Ap Surface area of the actual particle cm2

Asph Surface area of the equivalent sphere cm2

c Particle circularity (as defined in [2]) –

Cd Fluid-particle drag coefficient –

Cd,norm Normalized fluid-particle drag coefficient –

Cd,sphere Drag coefficient of the spherical particle –

dA Surface-equivalent-sphere diameter cm
dl Long axis of the particle cm
dm Medium axis of the particle cm
dn Volume-equivalent-sphere diameter cm
dp Particle dimension cm
ds Small axis of the particle cm
err% Relative error of wt,calc with respect to wt,meas –

exp Exponent applied to the particle shape factor –

g Gravitational acceleration cm s−2

K1 First Ganser's shape factor –

K2 Second Ganser's shape factor
m Particle mass g
P Projected perimeter of the particle in its direction of

motion
cm

Pmp Maximum projection particle perimeter cm
Pp Perimeter of the circle equivalent to the maximum

projection area
cm

Re Particle Reynolds number –

Re* Initial guess for particle Reynolds number in the iterative
procedure

–

X Particle circularity –

wt Terminal velocity cm s−1

wt,calc Terminal velocity calculated by drag laws cm s−1

wt,meas Terminal velocity measured during the experiments cm s−1

wt,Stokes Terminal velocity calculated with the Stoke's law cm s−1

Greek
β Corey shape factor –

μ Fluid viscosity P
ρ Fluid density g cm−3

ρp Particle density g cm−3

Φ Particle sphericity –

Ψ Particle shape factor –
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