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a b s t r a c t

In present paper the authors are focusing on the features of the orientation distribution function (ODF),
used to give a probabilistic assessment to the orientation of fibres in fibre reinforced composites. The ODF
can be approximated using experimental data and used to evaluate the anisotropic effect of fibres in con-
sidered directions. The hardened orthotropic elastic properties of steel fibre reinforced concrete (SFRC),
evaluated based on the approximated ODF with different orders of accuracy are used as a case study.
Input data for the approximation of the ODF are individual orientations of fibres measured by X-ray
micro-tomography method. The study outcomes revealed that the orthotropic elastic properties of
SFRC may not be estimated accurately enough by using only the second order terms in the reconstruction
of the ODF. The accuracy of the stiffness matrix components is sensitive for the orientation distribution
type and the approximation of the ODF, and this should be considered in all FE applications using the ODF
approach. Besides, within the study the relation between the values of the scalar-order parameter S, eval-
uating how well the fibres are aligned with each other, and the approximation orders of the ODF is
established.

� 2016 Elsevier Ltd. All rights reserved.
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1. Introduction

The characteristics or properties of many materials such as den-
sity or strength can be expressed by a single numeric value. The sit-
uation becomes complex when a material is composed of a mix of

several different materials forming a composite. The advantage of
mixing is the opportunity to improve the characteristics and prop-
erties of the original material-matrix-by including reinforcing ele-
ments of another more advanced material. Unfortunately, the
latter results in a complex material micro-structure, which is diffi-
cult to model. For example, when incorporating short fibres into a
matrix then one of the most relevant parameters determining the
elastic properties of a composite is the orientation distribution of
fibres. One aspect of the problem is to model fibre orientations
and include them into the governing equations to consider the
influence of fibres. In this paper we would like to concentrate on

http://dx.doi.org/10.1016/j.compstruct.2016.03.046
0263-8223/� 2016 Elsevier Ltd. All rights reserved.

⇑ Corresponding author at: Civil Engineering Department, Aalto University School
of Engineering, Rakentajanaukio 4 A, Otaniemi, 02150 Espoo, Finland.

E-mail addresses: marika.eik@aalto.fi (M. Eik), jari.puttonen@aalto.fi
(J. Puttonen), hh@cens.ioc.ee (H. Herrmann).

Composite Structures 148 (2016) 12–18

Contents lists available at ScienceDirect

Composite Structures

journal homepage: www.elsevier .com/locate /compstruct

http://crossmark.crossref.org/dialog/?doi=10.1016/j.compstruct.2016.03.046&domain=pdf
http://dx.doi.org/10.1016/j.compstruct.2016.03.046
mailto:marika.eik@aalto.fi
mailto:jari.puttonen@aalto.fi
mailto:hh@cens.ioc.ee
http://dx.doi.org/10.1016/j.compstruct.2016.03.046
http://www.sciencedirect.com/science/journal/02638223
http://www.elsevier.com/locate/compstruct


challenges related to the modelling of fibre orientations in the
composites reinforced by short fibres. Recently, some constitutive
models for short fibre reinforced composites have been already
published in [9,14,17].

One way to model the orientation of short fibres is to employ
the statistical orientation distribution function, (ODF), which is
defined on a unite sphere [1,18,20]. The ODF is also successfully
used for representing the orientation distribution of penny-
shaped cracks [20], liquid crystals [19,22,24], oriented polymers
[3,6], etc. demonstrating a multi-applicability of the ODF approach,
which means that it is not restricted to any particular physical
problem. This fact makes the ODF to be universal, which from
one side can simplify the modelling part, but from the other side
can cause physically meaningless results, such as negative out-
comes appearing due to angular ranges having very low or close
to zero probability density [9,24]. More often this situation appears
when orientation of fibres is not randomly distributed, but shows
tendencies to alignment, for example, as in concrete reinforced
with short steel fibres, (SFRC) [8,9,11]. This composite is formed
by mixing of fresh concrete with short steel fibres, which are added
to the mass during the mixing stage. Steel fibres reinforce the con-
crete by changing its hardened state properties from brittle to
more ductile resulting in improved tensile strength and crack resis-
tance. The elastic properties of SFRC among others depend on the
dominant orientation of fibres, which can be a result of many fac-
tors, of which the most significant ones are the chemical composi-
tion of cement clinker and the use of possible admixtures, which
specifies the hydration process in general, the used aggregate size,
casting technology and geometry of a structural element. In this
paper we are using as a case study the hardened orthotropic elastic
properties of SFRC, which are evaluated employing the ODF
approach.

2. State of the art

The ODF, f ðnÞ, is defined on a unit sphere. It belongs to the
square-integrable functions, and it can be expanded into an infinite
series of spherical harmonics. The l-order symmetric alignment
tensors (ATs), Al0 ...ll

, are acting as expansion coefficients and the
l-order symmetric irreducible tensors, , serve as com-
plete orthonormal basis functions (main spherical functions)
[7,18]. The l-order symmetric ATs are the traceless orientation ten-
sors [1], which are calculated as the l-order outer products of a unit
vector n, representing space orientation of a rod-like particle, with
itself, and then integrating the result with the ODF. The l-order
symmetric irreducible tensors-basis functions-are also traceless,
but those are calculated considering all possible directions of a
rod-like particle on a unit sphere, i.e. n 2 ðh;/Þ; h 2 ½0�;180��;
/ 2 ½0�;360��. The ODF is even meaning that the odd order tensor
terms are vanishing. The infinite series of the ATs in complete
orthogonal basis can recover the ODF [1,13]. The ODF of fibres can
also be approximated employing experimental data, as, for exam-
ple, the measured fibre orientations [9,11,23]. In this case the infi-
nite series of the ATs is replaced by a partial sum of finite terms.

The accuracy of a reconstructed ODF to represent the actual ori-
entation distribution of fibres largely depends on the character of
the arrangement of fibres in a matrix. If the fibres have a more iso-
tropic distribution then presenting their orientation by an approx-
imated ODF may require only the second order terms in the tensor
series expansion, whereas in case of a more aligned distribution
the tensor series should include higher order terms [24]. Interest-
ing results were received by the authors in [12] when studying the
influence of the lower and higher order terms in the approximation
series of the ODF on the ability to represent the actual orientation
distribution of fibres. The authors demonstrated with a planar

tendency of fibre orientation distribution that the second order ori-
entation tensor is not sensitive to variations in the in-plane angle /
and can stay invariant, while the fourth order orientation tensor is
able to detect the changes within the / angle, which results in dif-
ferent values for tensor components. An interesting fact was also
that the discrepancy between the exact and the reconstructed
ODF increases when the fibres are aligned in some preferred direc-
tion or plane. This highlights the importance of the higher order
tensor terms in the approximation series of the ODF. Furthermore,
mostly aligned distributions more often cause a negative part
within the ODF [24]. This situation can be explained by orientation
distribution of fibres, where some angular ranges have very low or
close to zero probability density.

However, considering the features of the ODF presented and
resulting from its study and application on the orientation of short
fibres in polymer composites or on liquid crystals [1,13,19,24], it is
hardly possible to recognise how the accuracy of approximation
may affect if the ODF is employed to evaluate the elastic parame-
ters of a material in its principle axes. For example, in case of SFRC
the elastic properties are directly dependent on the effectiveness of
the orientation of steel fibres in considered direction, and thus the
approximation accuracy of the ODF should be of high importance
[11,15]. A scalar-order parameter S, which is calculated based on
the eigenvalues of the second order AT and which is a measure
of the degree of alignment of rod-like particles, can be used to
quantify a character of the orientation distribution [2,21]. The val-
ues of S range between S 2 ½�0:5;1:0� and, depending on a type of
the orientation distribution, can have the following values in the
limit cases: S ¼ 1:0 transversely isotropic distribution, S ¼ 0 isotro-
pic distribution and S ¼ �0:5 plane isotropic one. For the practical
use of SFRC it is important to quantify the accuracy of the approx-
imation of the ODF depending on the values of scalar-order param-
eter S.

Within the present study, SFRC orthotropic elastic characteris-
tics are evaluated employing the ODF, which is based on the indi-
vidual orientations of fibres measured by mCT method, and
approximated using different orders of accuracy. SFRC samples
containing individual fibres were extracted from the full size floor
slabs, which were manufactured according to site specific casting
[23]. Besides, the relation between the values of the scalar-order
parameter S and the accuracy of the approximation of the ODF is
established.

3. Different order reconstructions of the ODF from the
measured fibre orientations in SFRC

In this study, the eigenvectors fdigi¼1;2;3 of the second order AT,
representing the dominant fibre orientations, were used to specify
the orthotropic material symmetry axes of SFRC, and the ODF was
used to evaluate the orthotropic elasticity of SFRC in the coordinate
system defined by these symmetry axes [9]. To demonstrate the
practicality of the approach described for material modelling, the
ODF of fibres was approximated utilising the terms of the second
order tensor, which were calculated employing the measured fibre
orientations [8,9,11]. SFRC cylinder samples extracted from the
full-size floor slabs were scanned using X-ray micro-computed
tomography (mCT) method. Further, the scanning data were pro-
cessed and analysed thus providing an accurate information on
fibre orientations in the samples [8,23]. The position of each mea-
sured fibre was specified by spherical coordinates with the inclina-
tion angle h and azimuth (in-plane) angle /. The second order AT
was calculated as a mean outer product of the measured orienta-
tion of an individual fibre with itself and removing the trace at
the end. The sum expression of the second order AT for the mea-
sured fibre orientations reads as follows:
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