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a b s t r a c t

3D hybrid analyses on the interlaminar stresses near the free edges of piezoelectric laminated plates are
presented on the basis of three-dimensional piezoelasticity. The state space equations for cross-ply pie-
zoelectric laminates subjected to a uniform axial extension are obtained by considering all the indepen-
dent elastic and piezoelectric constants. With the application of the transfer matrix and recursive solution
approach, the equations satisfy the traction-free and open-circuit boundary conditions at free edges and
the continuity conditions across the interfaces between material layers. Three-dimensional exact solution
is sought and validated by comparing the present analytical results with those from existing approximate
and finite element models. The singularities of interlaminar stresses near free edges are observed and the
significant electromechanical influence on the free-edge effect is found.

� 2014 Elsevier Ltd. All rights reserved.

1. Introduction

In recent decades, composite materials have extensive popular-
ity in multifunctional structures. Among various multifunctional
structures, the smart materials and structures which can perform
sensing, controlling, actuating with distinct direct and converse
piezoelectric effects, have been widely used in many applications
such as structural vibration control, precision positioning, aero-
space and nanotechnology [1]. The piezoelectric structures can
be used in the detection and generation of sonar waves and in
the ultrasonic transducers for medical imaging. As an emerging
application, the development of nanogenerators has demonstrated
a possible solution for the design of the self-sufficient power
source that directly draws energy from ambient mechanical re-
sources [2] and most recently researchers have engineered the pie-
zoelectric effect into graphene which has the potential to bring the
dynamical control to nanoscale electromechanical devices [3].

It is well-established that due to the discontinuity of material
properties at the interfaces, a high concentration of a 3D stress
field can occur near free edges which will lead to interlaminar fail-
ures such as delamination or matrix cracking. Numerous analytical
and numerical investigations have been conducted to evaluate this
free-edge effect in composite laminates [4–8]. Piezoelectric struc-
tures are often made from multi-layered thin films of dissimilar

materials in the forms of stacks and a number of interfaces and/
or edges will raise concern that they may affect the structural per-
formance of materials and systems [9]. For piezoelectric laminated
structures, the intrinsic material properties of piezoelectric lami-
nates can induce the electromechanical coupling effect. The so-
called free-edge effect and electromechanical effect may exist
simultaneously at the interface of different materials near free
edges, which brings more complex phenomena [1].

With the rapid development of piezoelectric laminates, such
free-edge and electromechanical coupling effect has drawn the
attention of many researchers. By using Fourier transforms to re-
duce the electro-elastic boundary value problem to the solutions
of integral equations, Ye and He [10] solved the problem of electric
field concentrations of a pair of parallel electrodes arrayed in one
plane. Mannini and Gaudenzi [11] used a multi-layer higher-order
finite element approach to investigate a high interlaminar stress
concentration between a laminate and distributed piezoelectric
actuators near free end. The influence of geometrical and material
parameters on the interlaminar stresses in a piezoelectric lami-
nated beam was also assessed by Yang et al. [12] using the finite
element model. A notable influence of the electromechanical cou-
pling on the interlaminar stresses and electric fields near the free
edges of symmetric laminates under uniaxial extension was de-
tected by Artel and Becker [13] based on the finite element formu-
lation. To delineate the electromechanical behavior of Artel and
Becker’s model an analytical solution was also developed using a
layerwise theory (LWT) by Mirzababaee and Tahani [14]. More-
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over, by employing the improved zigzag LWT Kapuria and Kumari
[15] investigated the boundary layer effects in the cross-ply piezo-
electric laminates with Levy-type boundary conditions.

In traditional 2D laminate theories, like Reddy’s LWT, the thick-
ness-dependent variations for some displacement and electric po-
tential variables are assumed a priori and the boundary conditions
at free edges are generally fulfilled only in an integral sense. The
finite element method usually provides approximate descriptions
for displacements, in-plane stresses and electric variables in the
analysis of the piezoelectric laminates with arbitrary geometries
and laminations. However, the predicted through-thickness stres-
ses and electric variables cannot satisfy the continuity conditions
at interfaces of the laminates sometimes [16] and these results
even become unreliable for the free-edge analysis. To the author’s
knowledge, there is no analytical solution for the cross-ply piezo-
electric laminates under a uniform axial extension. In this paper,
the state space method [16] is adopted to investigate the free-edge
and electromechanical coupling effect in the cross-ply piezoelec-
tric laminates under a uniform axial extension. On the basis of
the 3D piezoelasticity, an exact analytical solution that fulfills both
mechanical and electric boundary conditions is established by sat-
isfying all the continuous fields, in particular, the interlaminar
stress continuity at the interfaces between dissimilar material
layers.

2. Formulation of fundamental state space approach

As depicted in Fig. 1 a rectangular piezoelectric laminated plate
is subjected to a uniform constant axial strain e0 with constant
thickness h, width b and infinite length a. The principal elastic
directions of the plate coincide with the axes of the chosen rectan-
gular coordinate system and the full three-dimensional piezoelec-
tric–elastic constitutive relations of an orthotropic piezoelectric
lamina are given by [17]:

frg ¼ ½C�feg � ½e�TfEg; ð1Þ

fDg ¼ ½e�feg þ ½2�fEg; ð2Þ

where {r},{e}, {E} and {D} are, respectively, stress, strain, electric
field, and electric displacement vectors. [C], [e] and [�] denote elas-
tic, piezoelectric and electric permittivity constants, respectively.

Explicit forms of Eqs. (1) and (2) are given:

rx

ry

rz

syz

sxz

sxy

8>>>>>>>><
>>>>>>>>:

9>>>>>>>>=
>>>>>>>>;
¼

C11 C12 C13 0 0 0
C12 C22 C23 0 0 0
C13 C23 C33 0 0 0
0 0 0 C44 0 0
0 0 0 0 C55 0
0 0 0 0 0 C66

2
666666664

3
777777775

ex

ey

ez

cyz

cxz

cxy

8>>>>>>>>><
>>>>>>>>>:

9>>>>>>>>>=
>>>>>>>>>;

�

0 0 e31

0 0 e32

0 0 e33

0 e24 0
e15 0 0
0 0 0

2
666666664

3
777777775

Ex

Ey

Ez

8><
>:

9>=
>;; ð3Þ

Dx

Dy

Dz

8><
>:

9>=
>; ¼

0 0 0 0 e15 0
0 0 0 e24 0 0

e31 e32 e33 0 0 0

2
64

3
75

ex

ey

ez

cyz

cxz

cxy

8>>>>>>>>><
>>>>>>>>>:

9>>>>>>>>>=
>>>>>>>>>;
þ
211 0 0
0 222 0
0 0 233

2
64

3
75

Ex

Ey

Ez

8><
>:

9>=
>;:

ð4Þ

Due to the uniform extension e0 and infinite length in the x
direction, the state variables are independent of the longitudinal
coordinate x. As a consequence, the linear strain–displacement
relations of elasticity and the electric field-electric potential rela-
tions can be written as:

ex ¼ @u
@x ¼ e0; ey ¼ @v

@y ; ez ¼ @w
@z ;

cyz ¼ @w
@y þ @v

@z ; cxz ¼ @u
@z þ @w

@x ¼ 0; cxy ¼ @u
@y þ @v

@x ¼ 0;

Ex ¼ � @;
@x ¼ 0; Ey ¼ � @;

@y ; Ez ¼ � @;
@z ;

ð5Þ

where u, v and w represent displacements in the x, y and z direc-
tions, respectively. £ is electric potential.

The equilibrium equations of elasticity and the Gaussian law of
electrostatics can be expressed as follows:
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Under the condition of zero electric body charge q and body
forces fi(i = x, y, z) and considering Eqs. (3)–(5), it can be concluded
that sxz = 0, sxy = 0, Dx = 0, and other 9 state variables v, w, rx, ry,
rz, syz, Dy, Dz, £ are all independent of x. They can be expressed
as v(y,z), w(y,z), rx(y,z), ry(y,z), rz(y,z), syz(y,z), Dy(y,z), Dz(y,z) and
£(y,z).

Let b ¼ @
@y, from Eq. (5) and the third equations of the matrix in

Eqs. (3) and (4), the following relations can be obtained:
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By inserting Eq. (7) into Eqs. (3) and (4), the in-plane stresses
and electric displacement are presented:
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Dy ¼ k17 � syz þ k18 � b£: ð9Þ

The coefficients ki in matrices and the formulation above are the
constants which are only determined by the material properties of
the laminate. All the constants are given as follows:

Fig. 1. Geometry and coordinate system of a piezoelectric laminated plate.
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