
Accuracy of multiscale asymptotic expansion method

Y.F. Xing ⇑, L. Chen
Institute of Solid Mechanics, Beihang University (BUAA), Beijing 100191, China

a r t i c l e i n f o

Article history:
Available online 11 February 2014

Keywords:
Periodical composites
Multiscales
Asymptotic expansion
Element order
Potential energy functional

a b s t r a c t

The multiscale asymptotic expansion method (MsAEM) is generally implemented by finite element
method. The calculating accuracy of MsAEM depends completely on the order of asymptotic expansion
and the order of finite element. First, the necessary number of expansion term is decided in a mechanical
view from the pseudo loads used for solving influence functions. Next for different order of load cases, the
analytical solutions of the static problems of the periodical composite rod are obtained using different
order of MsAEM and finite elements. In those solutions, the element order for solving analytical macro
displacements depends on the external loads whereas the element orders for solving analytical influence
functions are determined from the governing differential equations of influence functions. Then, two
dimensional (2D) periodical composite are explored similarly. Finally, the potential energy functional
is used to evaluate the accuracy of MsAEM, and numerical comparisons validate the conclusions.

� 2014 Elsevier Ltd. All rights reserved.

1. Introduction

The composite materials and structures have been widely used
in aerospace, automotive and marine engineering due to their high
stiffness weight ratio. It is well known that the macro solutions, for
example the lower order frequencies and mode shapes, can be
solved efficiently for many composites to the satisfactory accuracy
using the iso-strain or iso-stress model [1] and other homogenized
approaches [2]. But the micro stress analysis is very expensive
comparing with the macro analysis. To balance the accuracy and
efficiency, various multiscale methods have been motivated, such
as the mathematical homogenization method (MHM) [3,4], the
generalized finite element method (GFEM) [5,6], the multiscale fi-
nite element (MsFEM) [7,8], the heterogeneous multiscale method
(HMM) [9,10] and the multiscale eigenelement method (MEM)
[11,12], among of which MHM is essential and representative
and has been elaborated in many Refs. [13–21, for examples].
And the multiscale asymptotic expansion method (MsAEM) is
widely used one of the mathematical homogenization methods.
So far no paper investigates the effects of the expansion order
and the element order used in calculation on the accuracy of
MsAEM, or on the accuracy of influence function and the deriva-
tives of macro displacements.

In this context, the objective of present study is to give the
general principle to determine the necessary order of asymptotic

expansion and the order of finite element in application, and the
potential energy functional is used to evaluate the calculating
accuracy of MsAEM. The outline of present paper is as follows:
for two dimensional (2D) elastic composite, the governing
differential equations for solving different order of influence
functions are listed in Section 2, from which the necessary order
of expansion term is derived; and in Section 3 the static problems
of the periodical composite rod are studied through MsAEM with
different order of expansion and finite elements; the 2D periodical
composite are analyzed in Section 4. Finally, conclusions are drawn
in Section 5.

2. The uncoupled multiscale asymptotic expansion method

Based on the assumptions of microstructure periodicity and
uniformity of a unit cell domain, the homogenization theory
decomposes the heterogeneous boundary value problem into the
unit cell (micro) problem and the global (macro) problem, that
means micro and macro problems can be solved independently.
The cell problem must be solved prior to global problem for which
the homogenized elastic constants are the input parameters.

First, a necessary description of the differential equations of
MsAEM is presented below. This lays the foundation of present
study, and the introduction focus on the strong form other than
weak form. For simplicity, 2D periodical composite of two scales
is taken into account in following introduction.

The governing equation for 2D composite is elliptic for most
cases with multiscale or rough coefficients as
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where Ee
ijmn is the fourth order elastic tensor, the indices

i, j, m, n = 1, 2 and small parameter e indicates the proportion
between the dimensions of a unit cell and the entire domain. The
actual displacement ue

m in asymptotic expansion form is a function
of macro and micro scales as

ue
mðxÞ ¼ u0

mðxÞ þ eu1
mðx; yÞ þ e2u2

mðx; yÞ þ � � � ð2Þ

where the homogenized displacement u0
m is offered by the homog-

enized model, and the perturbed function uj
mðx; yÞ of both scales is

periodic in y.
The perturbed displacements in separation of variables form or

uncoupled form and governing differential equations for different

order influence functions are listed in Table 1 wherein EH repre-
sents the homogenized modulus. The influence functions periodic
in y depends only on the scale y while the homogenized displace-
ments and their derivatives of different orders depends only on the
scale x. In Table 1, the operators ryj

� and ryj
in governing equa-

tions denotes the operation of divergence and gradient in the coor-
dinate frame y, respectively.

From the governing equations of influence function and expres-
sions of perturbed displacements in uncoupled form, one can have
following observations:

(1) The perturbed displacements in uncoupled form are defined
as the multiplications of influence functions v and the deriv-
atives of homogenized displacements u0. And the influence
functions dependent on the micro scale y are the solutions
of a unit cell problem, while the homogenized displacements
dependent on the macro scale x are the solutions of global
problems subjected to the given external load.

(2) The right term for solving the first order influence functions
is pseudo line distributed load ryj

� Ee
ijmn which is formed

only by the material constants, the load is non-zero along
boundary and interface lines of matrix and inclusion. The
right term for the second order influence functions is pseudo
surface load, a component of which is Ee

ipkl � EH
ipkl which is

also formed only by the material constants; but right terms
for the third or higher order influence functions have not the
components formed only by material constants, so we con-
clude that the first and second order expansion terms are
necessary, and the neglect of the second order perturbation
may cause unacceptable error.

(3) One can use different order of elements to calculate the
influence functions and homogenized displacements since
they are uncoupled or independent each other. Generally,
their accuracy is different by using the same elements. One
can determine the exact element order for solving influence
functions from the governing equation in Table 1 when tak-
ing a periodical composite rod into account, see below.

(4) It is well known that all equations in the uncoupled MsAEM
can be solved by means of the finite element method, and a
salient feature of the uncoupled MsAEM is that the fine scale
solution is completely described on the coarse scale. That
means the actual solutions ue

m depends on the macro
displacements and their derivatives ou0/ox, o2u0/ox2 and
o3u0/ox3, etc. if the influence functions are solved over a
representative volume cell. The more micro properties can
be obtained if using higher order of macro displacement
derivatives.

Table 1
Perturbed displacements and governing equations of influence functions.

Order Perturbed displacements Governing equations of influence
functions

1 u1
mðx; yÞ ¼ �vkl

1mðyÞ
@u0

k
ðxÞ

@xl
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1m
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Table 2
Perturbed displacements and governing equations of influence functions for a
periodical composite rod.

Order Perturbed
displacements

Governing equations of influence functions

1 u1ðx; yÞ ¼ �v1ðyÞ
du0ðxÞ

dx
d

dy ðE
eðyÞ dv1

dy Þ ¼
dEeðyÞ

dy

2 u2ðx; yÞ ¼ �v2ðyÞ
d2u0ðxÞ

dx2
d

dy ðE
eðyÞ dv2

dy Þ ¼ �2EeðyÞ dv1
dy �

dEeðyÞ
dy v1 þ EeðyÞ � EH

3 u3ðx; yÞ ¼ �v3ðyÞ
d3u0ðxÞ

dx3
d

dy ðE
eðyÞ dv3

dy Þ ¼ �2EeðyÞ dv2
dy �

dEeðyÞ
dy v2 � EeðyÞv1
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Fig. 1. A unit cell model with 15 sub elements and two clamp ends.
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(b) cubic elements 
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(c) quartic elements 
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Fig. 2. Displacements using different orders of elements and expansions.

Y.F. Xing, L. Chen / Composite Structures 112 (2014) 38–43 39



Download English Version:

https://daneshyari.com/en/article/251706

Download Persian Version:

https://daneshyari.com/article/251706

Daneshyari.com

https://daneshyari.com/en/article/251706
https://daneshyari.com/article/251706
https://daneshyari.com

