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The purpose of this paper is to propose an effective solution scheme of simultaneous optimization design
of layup configuration and fiber distribution for maximum stiffness design of laminated plates. Firstly, a
numerical analysis of the lamination parameters feasible region for a laminated plate consisting of var-
ious given number of ply groups (each ply group may have different thickness and all the fibers in one ply
group are orientated in an identical direction) is carried out, and it is found that the feasible region based
on only a few ply groups is very close to the overall one determined by infinite plies. Therefore, it is sug-
gested that the feasible region of lamination parameters of a laminated plate could be approximately
determined by the layup configuration of least ply groups. Secondly, a two-step simultaneous optimiza-
tion scheme of layup configuration and fiber distribution for maximum stiffness design of laminated
plates is proposed. Accordingly, by using ply thickness, fiber orientation angle and fiber volume fraction
in a laminated plate of least ply groups as design variables, the optimal lamination parameters for max-
imum stiffness is obtained. Then, taking the optimal lamination parameters as the design objective, a
detailed layup design optimization is implemented by considering some limitations on manufacturing,
such as preset ply thickness, and specific fiber orientation angle and a limited maximum number of con-
secutive plies in the same fiber orientation. Numerical examples are also presented to validate the pro-
posed two-step optimization scheme.

� 2012 Elsevier Ltd. All rights reserved.

1. Introduction

The mechanical properties of a structure are attributed to its
material properties and the geometrical configuration (such as
topology, shape, and size). Recently, a material and structure
simultaneous optimization method was proposed to improve the
structural properties [1–7]. The intention of this method is to
simultaneously find an optimal material distribution in the global
and local region within a structure, i.e., concurrently determine if a
local region should be occupied by material or not and how to ar-
range achievable material to obtain the required material proper-
ties in the local region where material should be placed. To
ensure that the designed material properties are realizable, it is
necessary to identify the correlation among the material elastic
properties, i.e., the feasible region of material elastic properties
[8]. However, the feasible region of material properties is not easy
to access and there is no general explicit formulation available for
this feasible region so far. Nevertheless, it is much easier to define
the feasible region of material properties for laminated composites

because of its specific layup configuration which is determined by
fiber volume fraction, thickness and fiber orientation angle of each
ply. Therefore, it is a natural choice to practice the material and
structure simultaneous optimization method on laminated
composites.

A laminated plate consists of many plies and it is necessary to
clarify some of the terminology that was included in this paper.
A ply is referred to as a ply which is a flat (sometimes curved in
a shell) arrangement of unidirectional fibers or woven fibers in a
matrix. A laminate is a bonded stack of plies with various fiber ori-
entations and all the plies have the same thickness. A ply group
may have an arbitrary thickness, forming by one or more consecu-
tive plies, and all the fibers in one ply group are orientated in an
identical direction, which can be treated as a thicker ply in
analysis.

The mechanical properties of a laminate are determined by its
configuration, including fiber volume fraction and in-plane fiber
distribution of each single ply and layup arrangement (such as
the number of plies, and ply thickness and fiber orientation angle)
[9,10]. Thus, it is possible for fiber reinforced composite structures
to acquire the required structural properties by altering the config-
uration of laminated plates except for changing its geometrical
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size. Therefore, the mechanical potential of composite laminates
can be maximized by an effective optimization design of in-plane
fiber distribution and layup arrangement for a given fiber volume
fraction. In this paper, the material and structure simultaneous
optimization method [11,12] was employed to establish simulta-
neous optimization scheme of layup configuration and in-plane fi-
ber distribution for maximum stiffness design of laminated plates.

In the conventional design, the material properties of a single
ply is always assigned first and the laminate plates are directly
designed by adjusting ply thickness and fiber orientation angle
[13–15]. If the number of plies is not prescribed, one needs to solve
an optimization problem involving a discrete variable (the number
of plies). If the number of plies is large, there are too many design
variables (including ply thickness and fiber orientation angle) to
solve the corresponding optimization problem. On the other hand,
the mechanical properties of laminated plates are related to some
multiple-valued trigonometric functions of each ply orientation
angle. Therefore, it is very difficult to design laminated plates di-
rectly by ply thickness and fiber orientation angle due to the exis-
tence of discrete variable and multiple-valued trigonometric
functions.

For fiber reinforced composite laminates with the same mate-
rial properties of each ply, the stiffness properties can be denoted
by 12 lamination parameters which represent the layup configura-
tion of laminates (fiber orientation angles, ply thickness and num-
ber of plies) [16]. According to the classic plate theory and Mindlin
plate theory, these 12 lamination parameters correspond to its in-
plane, bending and shear stiffness. It has been shown that the
relationship between the stiffness properties and lamination
parameters of laminated plates is convex and it is easier to design
laminated plates by finding the optimal lamination parameters
[17–20]. Therefore, optimal design of laminated plates based on
lamination parameters is drawing more and more attentions due
to its unique convex quality [21–25]. However, the stiffness prop-
erties of laminated plates are not completely independable to each
other which implies that there are some correlations between 12
lamination parameters, i.e., there exists a feasible region for 12
lamination parameters to ensure that all the 12 lamination param-
eters can be simultaneously realized by one layup configuration.
Consequently, the optimal lamination parameters should be
searched within the corresponding feasible region. As a result,
the key to the optimal design based on lamination parameters is
to determine the feasible region of lamination parameters. The fea-
sible region of 4 lamination parameters alone, corresponding to the
in-plane and out-of-plane stiffness, respectively, was analytically
given in [26–28]. However, an explicit formulation of the feasible
region for all the 12 lamination parameters is still unavailable.
An approach to solve an approximate feasible region was pre-
sented by [29–32] and the corresponding expressions of the
approximate feasible region were provided. In the meantime,
[31] also indicated that these expressions are necessary but not
sufficient conditions for the feasible region of lamination parame-
ters. In other words, the lamination parameters satisfying these
expressions may not be able to be realized by any layup configura-
tion. Therefore, it is necessary to further study the feasible region
of lamination parameters.

Lamination parameters are the functions of ply thickness and fi-
ber orientation angle of each ply and therefore lamination param-
eters determined by the realizable ply thicknesses and orientation
angles must belong to the feasible region of lamination parame-
ters. As mentioned above, it is very difficult to conduct an optimi-
zation of laminated plates directly by using ply thicknesses and
fiber orientation angles as design variables when the number of
plies is uncertain or large. However, a numerical analysis of the
lamination parameters feasible region in this paper showed that
the feasible region based on only a few thicker plies, i.e., ply groups

was very close to the overall one determined by infinite plies.
Therefore, it was suggested the feasible region of lamination
parameters of a laminate could be approximately determined by
the layup configuration of least ply groups.

Meanwhile, there are many limitations on ply thicknesses and
fiber orientation angles due to the manufacturing or design
requirements, which should be also taken into account in an opti-
mization of laminated plates, such as the minimum thickness of a
ply, specific fiber orientation angle (for example, 0�, ±45�, 90� only),
and the maximum number of consecutive plies in the same fiber
orientation, [33].

In this paper, firstly, a numerical analysis of the lamination
parameters feasible region for various given number of plies was
carried out, and the least ply groups (6 ply groups was chosen in
this paper) was proposed to approximately determine the overall
lamination parameters feasible region. Secondly, a two-step simul-
taneous optimization scheme of layup configuration and in-plane
fiber distribution for maximum stiffness design of laminated plates
was proposed. The thickness and fiber orientation angle and fiber
volume fraction of least ply groups were taken as design variables,
then the optimal lamination parameters for maximum stiffness
was obtained. By taking the optimal lamination parameters as
the design objective, a detailed layup design optimization was
implemented by considering some limitations on manufacturing,
such as the preset ply thickness, and specific fiber orientation angle
and a given maximum number of consecutive plies in the same fi-
ber orientation. Numerical examples were presented to validate
the proposed two-step optimization scheme.

2. Problem formulation

2.1. Constitutive law and stiffness matrix for fiber reinforced laminates

Based on Mindlin plate theory, the constitution equation for a
laminated plate can be written as
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where N, M and V are the stress, moment, and transverse shear
stress resultants, respectively; e0, j and c0 are the strains, the cur-
vatures at the mid-plane, and the transverse shear strains, respec-
tively; and A, B, D, H are the in-plane, coupling, out-of-plane, and
shear stiffness, respectively. The stiffness components Aij, Bij, Dij (i,
j = 1, 2, 6), Hij (i, j = 1, 2), can be expressed as follows:
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where h is the thickness of laminated plates. Matrix K is defined as
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and Hij (i, j = 1, 2) can be written as
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where nR
i ði ¼ 1; . . . 4; R ¼ A; B;DÞ in Eqs. (3) and (4) are lamination

parameters, which are defined as
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