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Abstract

A general analytical–numerical approach developed for the dynamical analysis of unsymmetrically laminated plates of general quad-
rilateral planforms is presented in this work. An arbitrary quadrilateral thin flat laminate is mapped onto a square basic one, so that a
unique macro-element is constructed for the whole plate. The Ritz method is applied to evaluate the governing equation in which the
coupling effects of bending and stretching are contained. All possible transverse boundary conditions combining with the different in-
plane constraints are considered in the analysis. The resulting algorithm possesses great flexibility, it is easy to program and it needs
minimal input information. For these reasons, the proposed methodology results convenient for large scale structural design and analysis
where repeated calculations are often required.
� 2007 Elsevier Ltd. All rights reserved.
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1. Introduction

Fibre-reinforced composite laminates are very impor-
tant in many engineering applications. In addition to their
high strength/light-weight, another important advantage of
composite laminates is that structural properties can be tai-
lored through changing the fibre angle and/or the number
and sequence of plies. Particularly, laminated plates of dif-
ferent shapes made of advanced fibre-reinforced composite
materials have many excellent advantages and are widely
used as high-performance structural components. The
accurate and efficient determination of the natural vibra-
tion frequencies and mode shapes of laminated plates com-
ponents are essentials to the design and performance
evaluation of a mechanical system. Moreover, the plate res-
onant frequencies and vibration mode shapes are often

used to establish the dynamic response of complex engi-
neering systems.

General angle-ply laminated plates exhibit various cou-
pling effects, such as stretching–bending, stretching–shear
and bending–twisting couplings, due to the anisotropy of
the individual lamina and unsymmetrical layering [1]. Exis-
tence of these couplings and the general quadrilateral plate
formulation are the source of analytical difficulties and of
complicated mathematical structures for the boundary con-
ditions making difficult the exact analysis for even the sim-
plest cases. Consequently, most studies on these laminates
employ approximate analytical or numerical methods.

A deep revision among the references about free vibra-
tion of thin unsymmetrically laminated composite plates
reveals that most papers are concerned with rectangular
plates (see e.g. [2–7]). Only limited literature can be found
for unsymmetrically laminated plates of general quadrilat-
eral shapes. In this topic, for instance, Liew and Lim [8]
and Lim et al. [9] investigated the free vibration of trapezoi-
dal multi-layered laminates with different combinations of
boundary conditions using two-dimensional orthogonal
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polynomials as the trial functions in the Ritz method. For
the study of free vibration of skew laminates Wang [10]
used B-spline Rayleigh–Ritz method, while Krishna Reddy
and Palaninathan [11] used a general high precision trian-
gular plate bending finite element.

In general, it is observed that the Rayleigh–Ritz method
has had a frequent application because of its high accuracy
and relatively small computational cost, mainly related
with the use of only one single super element in the whole
process. The fundamental difficulty associated with the
Ritz method in complex laminates is the choice of suitable
functions to approximate the deflected shape. In a previous
paper [12] the authors developed a general algorithm based
on the Ritz method in conjunction with natural coordi-
nates to express the geometry of laminated plates of general
quadrilateral shapes in a simple form. That methodology
was limited to the analysis of symmetrically laminated
composite plates, where only the bending–twisting cou-
pling needed to be included. In view of the aforementioned
limitation, the present work has been undertaken to extend
the mentioned algorithm to embrace laminates with
unsymmetrical layering. The procedure involves the refor-
mulation of the use of the geometric natural-to-Cartesian
mapping concept in the Rayleigh–Ritz method including
the effect of the bending–stretching coupling and the differ-
ent transverse boundary conditions combining with four
kinds of in-plane constraints. The general algorithm
obtained offers much simplicity and automation in dealing
with general laminated plates of several quadrilateral
geometries and boundary conditions. It does not require
any mesh discretization and it needs only very minimal
input data for computations. Besides, the value of the ana-
lytical solution obtained here is that it allows getting
insight into the behaviour on complex laminated plates.

To show the accuracy and the correctness of the pre-
sented method, convergence tests are carried out for several
selected plate problems and, when it is possible, some
results are compared with those published by other
authors.

The algorithm developed can be applied to the analysis
of a wide range of laminates with different shapes, aspect
ratios, boundary conditions, number of layers, stacking
sequences and angles of fibre orientation. The number of
parameters is too high and the possibility of combination
among them is infinite. For these reasons natural frequen-
cies and nodal patterns of free vibration are presented for
selected representative cases which can also be useful as
benchmark comparison for future investigations in this
topic.

2. Formulation

2.1. Energy functional components

Consider a flat, thin arbitrary-shaped quadrilateral fibre
reinforced composite laminated plate of uniform thickness
h as shown in Fig. 1a. The plane x–y is placed at the middle

surface of the plate thickness, while z remains normal to it.
In each layer of the laminate b denotes the angle of fibre
orientation and the major and minor principal material
axes are denoted by L and T, respectively. In consequence,
the material constants are denoted by EL, ET, mLT and GLT.

The fundamental displacements are the three mid-sur-
face translational displacements u, v and w along the x, y

and z directions, respectively. It is necessary that the two
in-plane mid-surface translational displacements u and v

are included in the analysis due to the coupling between
in-plane and out-of-plane behaviour in laminates with
unsymmetrical layup. Assuming that the Kirchhoff hypoth-
esis holds, the translational displacements �u;�v; �w, at a gen-
eral point in the laminate are given by:

�uðx; y; z; tÞ ¼ uðx; y; tÞ � z
owðx; y; tÞ

ox
;

�vðx; y; z; tÞ ¼ vðx; y; tÞ � z
owðx; y; tÞ

oy
;

�wðx; y; z; tÞ ¼ wðx; y; tÞ;

ð1Þ

where t is the time dimension.
During free vibration, the displacements are assumed

split in the spatial and temporal parts, being the last one
periodic in time; i.e.,

uðx; y; tÞ ¼ Uðx; yÞ sin xt;
vðx; y; tÞ ¼ V ðx; yÞ sin xt; wðx; y; tÞ ¼ W ðx; yÞ sin xt;

ð2Þ

where x is the radian natural frequency.
Taking into account Eq. (2), the maximum strain energy

of the unsymmetrically laminated plate can be written as
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