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This study presents numerical solutions to hybrid laminate plates in a general state of non-uniform initial
stress based on various plate theories. Firstly, the governing equations were formulated using Lo’s high-
order plate theory. The higher-order terms in Lo’s displacement field were neglected to obtain various
simple governing equations based on first-order theory and other higher-order theories. The various gov-
erning equations was used to investigate the natural frequencies and buckling loads of hybrid Al/GRFP/AI
plates subjected to initial stresses. The effects of various parameters on the vibration frequency and buck-
ling coefficient were examined. The results show that the transverse shear strain, normal strain, initial
stress state and thickness ratio of Al to GRFP strongly affect the stability and vibration of hybrid laminate
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1. Introduction

Composite laminated materials are successfully used in aircraft
industry and other engineering applications, mainly because of
their high strength, high stiffness to weight ratio and excellent
durability. The natural frequency and buckling load of a plate are
important in the designs of structural components. Therefore, stud-
ies of vibration and buckling of plates have become very important
in recent years. The accuracy of determinations of the vibration and
buckling properties depends strongly on the displacement field of
plate theory. Classical plate theory over-predicts buckling loads
and natural frequencies [1,2]. Numerous plate theories have been
proposed to improve on classical plate theory by considering the
effects of the transverse strains [3-7]. In addition, numerous stud-
ies have addressed vibration and buckling based on various plate
theories, to elucidate variations among the theories [8-11].

The cited studies examined only plates that were laminated
with one material. The hybrid laminate plate consists of various
materials. Xu et al. [12] presented the free vibration frequency of
the hybrid composite plate. The plates consisted of fiber-reinforced
cross-ply and piezothermoelastic layers. Numerical results showed
the effects of the plate thickness and the location of the piezother-
moelastic layers on the vibration frequencies. Barai and Durvasula
[13] studied the vibration and buckling of curved plates using first-
order plate theory. The effects of aspect ratio, stacking sequence
and ply-orientation were studied. Benjeddou et al. [14] presented
an analytical solution of simply supported piezoelectric adaptive
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plates. The proposed approach was numerically validated by a
modal analysis of several hybrid plates with piezoceramic faces
and an elastic cross-ply composite core.

Fiber-reinforced polyester laminates are widely used in engi-
neering. However, when a composite laminate material is sub-
jected to high temperature or corrosive moisture, its mechanical
properties may be degraded. In such an environment, the material
can be protected by covering the composite material with a layer of
metallic material. Lee and Kim [15] presented the vibration of hy-
brid laminate plates based on classical plate theory. He investi-
gated the effects of stacking sequence, aspect ratio, number of
modes, number of layers and elastic properties on the vibration.
Harras et al. [16] presented a theoretical model of the nonlinear
free vibration of a hybrid composite plate. It consisted of alternat-
ing layers of metal and fiber-reinforced composites. The results
indicated a great increase in the induced bending stresses at large
deflections. Chen and Fung [17] presented the vibration behavior of
a hybrid composite plate based on Mindlin plate theory. The re-
sults revealed that the plate vibration frequency ratios exceeded
those obtained from the classical theory, because the latter ne-
glects transverse shear and rotary inertia.

Residual stresses in the laminate plate are always produced by
high curing temperature and pressure during manufacture. Besides
those mentioned above, numerous studies on the vibration of ini-
tially stressed plates have published. Brunell and Robertson [18]
studied the effects of an arbitrary initial stress on the vibrations
of an isotropic plate using the average stress method and the var-
iation method. Yamaki and Chiba [19] studied the vibration behav-
ior of initially stressed laminated plates based on first-order plate
theory. Nayak et al. [20] developed a shear deformable plate
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bending element based on a refined third order theory to analyse
buckling and free vibration of initially stressed composite sand-
wich plates. Cheung et al. [21] used the finite strip method to ana-
lyze the nonlinear vibration of plates with initial stresses. Chen and
Yang [22], Chen and Ku [23], Doong et al. [24,25] and Chen et al.
[26,27] investigated the effects of initial stresses on the vibration
of isotropic and composite plates. Based on various theories, Rog-
erson and Sandiford [28] presented an arbitrary strain energy func-
tion in the pre-stressed laminated plate at small amplitudes of
vibration. However, studies of the vibration and stability of arbi-
trary initially stressed hybrid laminate plates based on various
plate theories are few. This study extends a previous work to inves-
tigate the vibration and stability of laminated hybrid composite
plates in an arbitrary state of initial stress. The governing equations
of each plate model were derived using the average stress method
based on Lo’s displacement field [29]. Numerical results concern-
ing natural frequency and buckling load were presented to investi-
gate the differences among various plate theories. The effect of
transverse shear and normal strains on the natural frequencies
and buckling loads of an initially stressed plate based on various
plate theories was discussed.

2. Displacement models

The geometry of the laminated plate was described in Cartesian
coordinates x, y and z. The x-y plane was the middle plane and the
z-axis was in the thickness direction. The displacements u, v and w
at any position in the plate were represented as a Taylor series in
terms of the thickness coordinate.

The laminate plate has been analyzed previously based on clas-
sical theory. Classical theory both neglects the effects of transverse
shears and normal strain in the thickness direction and overesti-
mates vibration frequencies and buckling loads. Numerous plate
theories have been proposed to improve on classical plate theory
by including the effects of the transverse shear strain in the plate.
Reissner [30] and Mindlin and Deresiewicz [31] were the first to
propose a plate theory that incorporates the effect of shear defor-
mation. The displacement field of the Reissner-Mindlin theory
was assumed to be of the form

U(X,y,2,t) = ux(X, ¥, 1) + 2y (%, Y, 1), (M
BY(X7y:Z~,t):uy(xvy¢t)+z(py(x7y7t)7 (2)
ﬂz(xvyaz7r) :WZ(X7y7t)7 (3)

where 1y, 1, and u, were displacement functions in the x, y and z
axes, respectively. First-order transverse shear deformation theory
(FSDT5) includes five degrees of freedom uy, vy, W, ¢x and ¢,. The
in-plane displacements u, and u,, the transverse displacement w,
and the angles of rotation of the normal to the middle plane ¢,,
¢y were time-dependent functions of the in-plane coordinates x
and y. As the transverse shear strain is assumed to be a constant
in Reissner—-Mindlin plate theory, a correction factor is introduced
into the shear stress resultants.

Essenburge [32] modified Eq. (3) into which the terms z¢, and
7%¢, were added to take into account the influence of the transverse
normal; his first-order transverse shear and higher-order trans-
verse normal deformation theory is a seven-degree-of-freedom
model denoted HSNT7 with u,, uy,, W, ¢, ¢y, &, &. The displace-
ments were presented in the following form:

ﬂx(&}’li) :Ux(X,y,f)+Z€0x(X,y7t)7 (4)
a}’(xvyrzvt):uy(xﬁy%t)+‘z@y(xay7t)7 (5)
U(X,Y,2,1) = Wa(X,Y, 1) + 2,(X,y, 1) + 22 & (%Y, ). (6)

The model HSNT7 has the normal strain terms ¢, and ¢&,, which are
not included in FSDT5. The shear correction factor in HSNT7 is the
same as that in FSDT5.

The elasticity solution indicates that the transverse shear stres-
ses varied with the square of the plate thickness; the in-plane dis-
placements i, and i, were expanded to cubic functions of the
thickness coordinate. Lo et al. [29] presented a theory that involved

Uy(X,y,2,t) = Ux(X, Y, t) + 2oy (X, ¥, 1)

+225(X,Y,t) + 2y (.3, ), (7)
Uy(x,y,2,t) = Uy(x, ¥, ) + Zgy(x,y, 1)

+228,(X,y,t) + 22, (x, ¥, 1), (8)
U(%,Y,2,8) = Wa(X,¥,8) + Z0,(X,,t) + 22 &, (X, 1). 9)

Egs. (10)-(12) were obtained from Eq. (9) by dropping the
transverse normal strain terms that contained z and z2. The model
thus obtained was designated HSDT9, with nine degrees of free-
dom. Pandya and Kant [33] developed a higher-order transverse
shear deformation theory from Lo’s plate theory by dropping the
transverse shear strain z and z* from Eq. (9)

(X, Y,2,t) = Ux(X,, 1) + 205 (X, Y, 1)

+ 225Xy, 1) + 2 d(x, Y, 1), (10
Uy(x,y,2,t) = Uy(x, ¥, t) + 2o, (x, ¥, t)

+22&,(x,y,1) + 22 ¢, (X, ¥, 1), (11)
Uy(X,Y,2,t) = wy(x,y,t). (12)

The four plate theories should be distinguished. FSDT5 includes
constant shear strains and neglects normal strains. HSNT7 includes
constant shear strains and variable normal strains. HSDT9 includes
only parabolic shear strains and HSNT11 includes parabolic shear
and variable normal strains. In this study, only HSNT11 was pre-
sented in detail to analyze the vibration and buckling of hybrid
plates, as the other models involved the same procedure.

3. Theoretical formulation

Consider a body that is in static equilibrium, subjected to a
time-varying incremental deformation, and in a state of non-uni-
form initial stress. A technique described by Bolotin [34] and Bru-
nell and Robertson [35] was followed to obtain the governing
equations using a perturbing technique:

(oylsj) ; + [65(g + Usj + Us;)] ; + Fs + AF = pils, (13)

where oy, 5; and F; are the initial stress, perturbing stress and body
force, respectively. us and i represent the initial displacement and
perturbing displacement, respectively.

The constitutive relations for each layer with respect to the lam-
inate coordinate axes are

Oxx Ci Cp Gz O 0 Cis] [en

Gy Ci2 Cxn Cy3 0 0 Cyxp|ley

Oz | _ Cis Gz Gz O 0 GCs6f|ez (14)
Gy; 0 0O 0 Cy4 Cgi5 O gy |

Ozx 0 0 0 Cs5 G5 O Ezx

Oy Cis Cs Cxs 0 0 GCeslLay

where C; are the components of the anisotropic stiffness matrix
36].
[ ]]-Ileven governing equations were obtained by substituting Lo’s
displacement field Eqgs. (7)-(9) and the constitutive relation (14)
into Eq. (13). The 11 governing equations are as follows:
Q1x+Qzy + (Ri +Rs +Ri7) 4 + (S1 + S6 + 517) , +

= Ll + 154,
Q2x +Qszy + (Ro + Riz + Ra1) , + (So + S13 + S21) , +fy

=1 11:ly +13 éy’
Q4x +Qsy + (Rso + Rz + Ras) , + (Sz0 + S33 + Sa5) , +f>

=hw+ L&,
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