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a b s t r a c t

This paper aims to propose an auxiliary random finite element method (ARFEM) for efficient three-
dimensional (3-D) slope reliability analysis and risk assessment considering spatial variability of soil
properties. The ARFEM mainly consists of two steps: (1) preliminary analysis using a relatively coarse
finite-element model and Subset Simulation, and (2) target analysis using a detailed finite-element model
and response conditioning method. The 3-D spatial variability of soil properties is explicitly modeled
using the expansion optimal linear estimation approach. A 3-D soil slope example is presented to demon-
strate the validity of ARFEM. Finally, a sensitivity study is carried out to explore the effect of horizontal
spatial variability. The results indicate that the proposed ARFEM not only provides reasonably accurate
estimates of slope failure probability and risk, but also significantly reduces the computational effort
at small probability levels. 3-D slope probabilistic analysis (including both 3-D slope stability analysis
and 3-D spatial variability modeling) can reflect slope failure mechanism more realistically in terms of
the shape, location and length of slip surface. Horizontal spatial variability can significantly influence
the failure mode, reliability and risk of 3-D slopes, especially for long slopes with relatively strong hor-
izontal spatial variability. These effects can be properly incorporated into 3-D slope reliability analysis
and risk assessment using ARFEM.

� 2016 Elsevier Ltd. All rights reserved.

1. Introduction

Slope failure (e.g., landslides) is one of the major natural
hazards in the world. The occurrence probability and risk of slope
failure are related to various geotechnical uncertainties (e.g.,
[7,23–25,27,30,34,39,44,45]), among which spatial variability of
soil properties is one of the most significant uncertainties affecting
slope reliability and risk. Previous studies on slope reliability anal-
ysis and risk assessment that account for spatial variability mainly
focus on two-dimensional (2-D) analysis, such as Griffiths and Fen-
ton [11], Santoso et al. [41], Wang et al. [51], Huang et al. [17], Zhu
et al. [54], Li et al. [28,29,33,35], Jamshidi Chenari and Alaie [18]. As
shown in Fig. 1, 2-D analysis implicitly assumes infinite length of
slope and perfect correlation of soil properties (i.e., infinite spatial
autocorrelation distance) in the axial direction. Based on these
assumptions, slopes fail along columnar slip surface with infinite
length in three-dimensional (3-D) space. This is inconsistent with

the actual failure surfaces observed in slope engineering, where
slope may fail at any locations of the slope with an irregular and
finite slip surface. Thus, it is necessary to investigate 3-D slope reli-
ability analysis and risk assessment, particularly with both 3-D
slope stability analysis and 3-D spatial variability modeling of soil
properties.

Several studies (e.g., [14,15,20,21,46,47]) have made attempts
to assess 3-D slope reliability. These studies can be classified into
three categories according to the adopted reliability methods:
first-order second-moment method (FOSM), first-order reliability
method (FORM), and Monte Carlo Simulation (MCS). Vanmarcke
[46,47] pioneered analytical 3-D slope reliability analysis using
FOSM and considered the problem as an extension of 2-D slope
reliability analysis based on local average and first-passage theo-
ries. This work is elegant and valuable. However, it assumed that
slope fails along several prescribed cylindrical slip surfaces, which
may lead to an overestimated slope reliability since many other
potential slip surfaces (e.g., non-cylindrical ones) are ignored. By
only accounting for the axial spatial variability, FORM was also
applied to 3-D slope reliability analysis [20,21]. If 3-D spatial vari-
ability in axial, lateral and vertical directions as shown in Fig. 1 are

http://dx.doi.org/10.1016/j.compgeo.2016.05.024
0266-352X/� 2016 Elsevier Ltd. All rights reserved.

⇑ Corresponding author.
E-mail address: dianqing@whu.edu.cn (D.-Q. Li).

Computers and Geotechnics 79 (2016) 146–158

Contents lists available at ScienceDirect

Computers and Geotechnics

journal homepage: www.elsevier .com/ locate/compgeo

http://crossmark.crossref.org/dialog/?doi=10.1016/j.compgeo.2016.05.024&domain=pdf
http://dx.doi.org/10.1016/j.compgeo.2016.05.024
mailto:dianqing@whu.edu.cn
http://dx.doi.org/10.1016/j.compgeo.2016.05.024
http://www.sciencedirect.com/science/journal/0266352X
http://www.elsevier.com/locate/compgeo


completely taken into consideration, FORMmay encounter compu-
tational difficulties, such as high-dimensional problem [43].

Compared with FOSM and FORM, MCS is the most widely-used
reliability method for 3-D slope reliability analysis, thanks to the
development of random finite element method (RFEM) [11]. The
original RFEM, also referred as MCS-based RFEM, incorporates
the spatial variability of soil properties into slope reliability analy-
sis using finite-element (FE) analysis and MCS. There are several
successful applications of RFEM in reliability analysis of 3-D slope
(e.g., [14–16,36]) and slope risk assessment (e.g., [17,31]). RFEM is
a rigorous approach since the FE analysis of slope stability can
automatically locate the critical slip surface without assumptions
on the shape and location. Nevertheless, MCS-based RFEM usually
requires intensive computational efforts [19], particularly for
detailed 3-D FE models and small probability levels (e.g., slope fail-
ure probability Pf < 10�3). One simple strategy to address this prob-
lem is to adopt a relatively coarse FE model (e.g., the model with
coarse FE mesh) in RFEM to improve the computational efficiency
of deterministic slope stability analysis. However, coarse FE model
may not produce accurate results compared to detailed FE model
(e.g., the model with fine FE mesh). For this reason, another RFEM
run with detailed FE model is still requisite if more accurate results
are required, for example, at later design stages. The computational
effort paid for the coarse FE model-based RFEM is thus wasted, and
it cannot facilitate the detailed FE model-based RFEM neither,
because of no interaction between the two RFEM runs.

In addition, previous studies based on 2-D analysis indicated
that the horizontal spatial variability (i.e., lateral spatial variability
in the 3-D perspective, see Fig. 1) has minimal influence on slope
reliability (e.g., [22,53]). One possible reason is that the lateral
scale of slopes is almost in the same order of magnitude as the hor-
izontal autocorrelation distance, namely 20–40 m [38]. In this case,
the effect of horizontal spatial variability cannot be captured in 2-D
slope reliability analysis. For 3-D slopes, the axial scale can be
much larger than the horizontal autocorrelation distance. The
effect of horizontal spatial variability on 3-D slope reliability and
risk has not been explored systematically.

This paper aims to propose an auxiliary random finite element
method (ARFEM) for efficient 3-D slope reliability analysis and risk
assessment, and to explore the effect of horizontal spatial variabil-
ity on 3-D slopes. To achieve these goals, the paper is organized as
below. In Section 2, the ARFEM is developed. In Section 3, the mod-
eling of 3-D spatially variable soil properties is presented. The
computational effort of ARFEM is discussed in Section 4 and the
implementation procedure of ARFEM is summarized in Section 5.

A 3-D soil slope example is then presented in Section 6 to demon-
strate the validity of ARFEM. Finally, a sensitivity study is carried
out to explore the effect of horizontal spatial variability on 3-D
slope reliability and risk in Section 7.

2. Auxiliary random finite element method

In slope reliability analysis and risk assessment, the probability
of slope failure, Pf, is defined as the probability that the safety fac-
tor of slope stability, FS, is smaller than a given threshold fs (e.g.,
fs = 1), namely Pf = P(FS < fs), and the slope failure risk, R, can be
defined as the product of Pf and the average failure consequence
�C [17,31]. The computational efficiency and accuracy of Pf and R
depend on the deterministic analysis model of slope stability, such
as the FE models with coarse and fine FE meshes (referred as coarse
and fine FE models, respectively). Both of these two FE models are
adopted in ARFEM, which, in turn, constitute two major steps of
ARFEM: (1) preliminary analysis using a relatively coarse FE model
and Subset Simulation (SS) [3], and (2) target analysis using a fine
FE model and response conditioning method (RCM) [2]. They are
provided in the following two subsections. To facilitate under-
standing, subscripts ‘‘p” and ‘‘t” shall denote the estimates
obtained from preliminary and target analyses of ARFEM,
respectively.

2.1. Preliminary analysis using coarse FE model and SS

Preliminary analysis aims to efficiently assess slope reliability
and risk. For this purpose, coarse FE model and SS are adopted to
perform deterministic slope stability analysis and slope reliability
analysis at small probability levels, respectively. SS [3,4] stems
from the idea that a small failure probability can be expressed as
a product of larger conditional failure probabilities for some inter-
mediate failure events, thereby converting a rare event simulation
problem into a sequence of more frequent ones. Let fs1 > fs2 > , . . . ,
> fsm�1 > fs > fsm be a decreasing sequence of intermediate thresh-
old values, and Fp,k = {FSp < fsk, k = 1, 2, . . . ,m} be the intermediate
failure events. In implementation, fsk (k = 1, 2, . . . ,m) are deter-
mined adaptively so that the estimates of P(Fp,1) and P(Fp,k|Fp,k�1),
k = 2, 3, . . . ,m, always correspond to a common specified value of
conditional probability p0. An SS run with m simulation levels
(including one direct MCS level and m � 1 levels of Markov Chain
MCS) and N samples in each level results in mN(1 � p0) + Np0 sam-
ples in total.
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Fig. 1. Assumptions made in 2-D slope reliability analysis.
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