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a b s t r a c t

This paper develops a semi-analytical solution for the transient response of an unsaturated single-layer
poroviscoelastic medium with two immiscible fluids by using the Laplace transformation and the state-
space method. Using the elastic–viscoelastic correspondence principle, we first introduce the Kelvin–
Voigt model into Zienkiewicz’s unsaturated poroelastic model. The vibrational response for unsaturated
porous material can be obtained by combining these two models and assuming that the wetting and non-
wetting fluids are compressible, the solid skeleton and solid particles are viscoelastic, and the inertial and
mechanical couplings are taken into account. The Laplace transformation and state-space method are
used to solve the basic equations with the associated initial and boundary conditions, and the analytical
solution in the Laplace domain is developed. To evaluate the responses in the time domain, Durbin’s
numerical inverse Laplace transform method is used to obtain the semi-analytical solution. There are
three compressional waves in porous media with two immiscible fluids. Moreover, to observe the three
compressional waves clearly, we assume the two immiscible fluids are water and oil. Finally, several
examples are provided to show the validity of the semi-analytical solution and to assess the influences
of the viscosity coefficients and dynamic permeability coefficients on the behavior of the three compres-
sional waves.

� 2016 Published by Elsevier Ltd.

1. Introduction

The theory of porous media has been widely applied in many
fields, ranging from geotechnical engineering to bioengineering
[1]. A porous medium is considered saturated if it is filled with a
single type of fluid and considered unsaturated if it is filled with
multiple fluids [2]. In most cases, there are two fluids coexisting
within the pore space. For example, in petroleum engineering
applications, oil and water may exist in the pore space, while in
geotechnical engineering applications, air and water may exist in
the pore space.

Since Biot [3] established the theory of porous media, many sig-
nificant achievements have been made on the wave motion in
porous media [4,5]. However, due to the complexity of the inertial,
viscosity, and mechanical couplings in porous media, scholars
usually use numerical methods involving the discretization of both

the spatial and temporal domains to solve transient response prob-
lems. Even for the one-dimensional (1D) problems, only a few ana-
lytical solutions are provided in the literature.

Several analytical solutions have been published for the 1D
transient response of saturated and unsaturated poroelastic media.
Garg et al. [6], Simon et al. [7], and de Boer et al. [8] studied the
problem of a saturated semi-infinite porous medium; they derived
analytical solutions in a time domain in several special cases by
using the Laplace transform method. For the saturated single-
layer problem, Schanz and Cheng [9] obtained an analytical solu-
tion in the Laplace domain. In addition, Gajo and Mongiovi [10]
and Shan et al. [11,12] derived several analytical solutions by
adopting the method of separation of variables. For unsaturated
single-layer problem, Li and Schanz [13] gave an analytical solution
in the Laplace domain, and Shan et al. [14] obtained analytical
solutions for three types of boundary conditions through the
method of separation of variables.

A poroviscoelastic model could consider the viscoelastic shear
behavior of the solid skeleton and damping mechanism of the solid
particles [15,16]. Therefore, the poroviscoelastic model has a much
wider application than the poroelastic model. Moreover, the poro-
viscoelastic model can reduce to the poroelastic model.
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Studies conducted on the wave motion in poroviscoelastic
media are few compared with the studies on poroelastic media.
The Laplace transformmethod is the major method in dealing with
viscoelastic problems [17,18]. For the 1D problem, Schanz and
Cheng [16] developed the governing equation for saturated poro-
viscoelastic media by introducing the Kelvin–Voigt model and
obtained several semi-analytical solutions. Pisanó and Pastor [19]
conducted a numerical simulation of wave propagation by using
an improved fractional step, the Taylor–Galerkin finite element
algorithm. Shan et al. [20] derived an analytical solution in a time
domain for a typical boundary condition by applying the finite
Fourier transformmethod. However, no numerical solution or ana-
lytical solution has been published in the literature for the tran-
sient response of 1D unsaturated poroviscoelastic media.

Analytical solutions in a time-domain and frequency-domain
can accurately illustrate the wave motion in porous media and
can be used to verify the numerical calculations. Clear insight into
the transient response is an essential part in the investigation of
wave motion in porous media. Moreover, studying transient
responses of saturated and unsaturated single layer soil is an
essential part of the research on ‘‘the seismic response of the
engineering site” [21]. Therefore, analytical solutions in the time-
domain and frequency domain for the transient response of satu-
rated and unsaturated porous media are of great theoretical and
practical importance, even for one-dimensional problems.

The objective of this study is to develop a semi-analytical solu-
tion in the time domain for a single-layer unsaturated porovis-
coelastic medium subjected to a typical boundary condition. The
article is organized as follows. In Section 2, the basic equations
describing unsaturated poroviscoelastic media are first given; then,
the associated initial and boundary conditions and the solution
procedure of the semi-analytical solution are presented in detail
in Sections 3 and 4. In the fifth section, several numerical examples
are provided to verify the semi-analytical solution’s correctness
and to discuss the features of the three compressional waves with
different viscoelastic coefficients and permeability coefficients.
There are three compressional waves in porous media with two
immiscible fluids. Moreover, to observe the three compressional
waves clearly, we assume the two immiscible fluids are water
and oil. Then, we end with a summary of the work and some con-
cluding remarks.

2. The basic equations governing the dynamic response of the
poroviscoelastic media

To establish the model for unsaturated porous media, a series of
assumptions should be proposed first. Table 1 illustrates the
assumptions for the unsaturated poroelastic and poroviscoelastic

models, which are based on Biot’s theory. The solid skeleton and
solid particles are assumed to be viscoelastic in the poroviscoelas-
tic model. By using the elastic–viscoelastic correspondence princi-
ple, we can obtain the basic equations for the 1D unsaturated
poroviscoelastic media.

2.1. Basic equations for the poroelastic media

Assume that the unsaturated porous media is anchored in a
Cartesian coordinate system, and the compressional waves propa-
gate along the z direction. The basic equations for the 1D problem
can be written as follows [22,23]:

The momentum balance equations for the porous media:

rzz;z � qUz;tt � qwWz;tt � qgVz;tt ¼ 0 ð1aÞ
The momentum balance equations for the two fluids:

Pw;z þ qwUz;tt þ qwWz;tt= nSwð Þ þWz;t=kw ¼ 0
Pn;z þ qnUz;tt þ qnVz;tt= nSnð Þ þ Vz;t=kn ¼ 0

ð1bÞ

The flow conservation equations for the two fluids:

QwWz;z þ aQwSwUz;z þ SwPw ¼ 0
QnVz;z þ aQnSnUz;z þ SnPn ¼ 0

ð1cÞ

The constitutive equation of the solid skeleton:

rzz þ a SwPw þ SnPnð Þ ¼ kþ 2lð ÞUz;z ð1dÞ

where t and z represent time and depth, respectively. Subscripts w
and n denote the wetting and non-wetting fluids, respectively.
a;Qw, and Qn are parameters that describe the compressibility of
the unsaturated porous media, and

a ¼ 1� Kb

Ks
;

1
Qw

¼ a� nð Þ
Ks

þ n
Kw

;
1
Qn

¼ a� nð Þ
Ks

þ n
Kn

ð2Þ

Table 2 shows other parameters.
The dynamic permeability is a useful concept that is important

for analyzing seismic data as a function of frequency. The usual
Darcy permeability is exactly the low-frequency limit of the
dynamic permeability [24]. As the model focuses on low-
frequency problems, the conventional hydraulic conductivity val-

ues (k̂w and k̂n) and the dynamic permeability coefficients are

related by kw ¼ k̂w=qwg and kn ¼ k̂n=qng, where g is the gravita-
tional acceleration. The units of the dynamic permeability coeffi-
cients kw and kn are m4= Nsð Þ.

Introducing the dimensionless variables of stresses, displace-
ments, depth, and time:

Table 1
Assumptions.

Zienkiewicz et al. [23] (poroelastic) This paper (poroviscoelastic)

(a) The solid skeleton is a poroelastic
medium

(a) The solid skeleton is a
poroviscoelastic medium

(b) The solid particles are elastic (b) The solid particles are viscoelastic
(c) Two immiscible fluids coexist

within the porous space
(c) Two immiscible fluids coexist
within the porous space

(d) The fluids are compressible, and
the relative motions of the fluids
in the pores are of the Poiseuille
type

(d) The fluids are compressible, and
the relative motions of the fluids in
the pores are of the Poiseuille type

(e) The porous medium is isotropic,
and the pores are interconnected

(e) The porous medium is isotropic,
and the pores are interconnected

(f) The pore size is much less than the
wavelength

(f) The pore size is much less than the
wavelength

(g) The influence of temperature is
not considered

(g) The influence of temperature is
not considered

Table 2
Parameters.

rzz Total stress. Tension is positive
Pw; Pn Wetting fluid pressure and non-wetting fluid pressures.

Pressure is positive
Uz Solid displacement
Wz;Vz Relative displacements of the wetting and non-wetting fluids

to the solid
Kb;Ks;Kw;Kn Bulk moduli of the solid skeleton, solid grains, wetting fluid,

and non-wetting fluid
G Shear modulus of the solid skeleton
kw; kn Dynamic permeability coefficients of the wetting fluid and the

non-wetting fluid
Sw; Sn Saturations of the wetting and non-wetting fluids, Sw þ Sn ¼ 1
n Porosity
qs;qw;qn Densities of the solid particles and the wetting and non-

wetting fluids
q Density of the unsaturated porous medium,

q ¼ 1� nð Þqs þ nSwqw þ nSnqn
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