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This paper presents development and application of a simple and efficient frame finite element (FE) able
to estimate the load-carrying capacity of timber beams flexurally strengthened with externally bonded
fibre reinforced polymer (FRP) strips and near-surface mounted FRP bars. The developed element is able
to model collapse due to timber crushing under compression, timber fracture under tension and FRP rup-
ture and it is developed in the framework of a flexibility-based fibre element formulation. Furthermore, a
novel method based on central difference method in conjunction with composite Simpson’s integration
scheme along the element axis is developed to take account of shear-slip. The developed model is
employed to predict the loading capacity and the applied load-mid span deflection response of timber
beams strengthened with FRP and the numerically simulated responses agree well with the correspond-
ing experimental results. The major features of this frame FE are its simplicity and efficiency compared
with more complex and computationally expensive FEs which makes it a suitable tool for practical use in

design-oriented parametric studies.

© 2011 Elsevier Ltd. All rights reserved.

1. Introduction

Ageing, biological attacks and increase of service loads deterio-
rate existing timber beams which can lead to significant reductions
in the capacity and subsequently safety of timber structures. In
such cases repair or strengthening of the elements may be recom-
mended rather than costly replacement of deteriorated and
damaged timber elements [1-5].

In deteriorated timber structures application of steel or alumin-
ium plates mechanically (e.g., bolts and nails) connected to the
beams may not be an effective method of strengthening. However,
application of bonded fibre reinforced polymer (FRP) sheets (bars)
is a promising solution to repair (strengthen) timber beams, due to
their high strength and stiffness-to-weight ratios and simplicity of
installation [6]. The two FRP types most commonly used for
strengthening timber beams are glass fibres (GFRP) and carbon
fibres (CFRP) [2,7-11].

FRP composites are usually bonded on the tensile soffit of
timber beams to increase the flexural loading capacity and stiff-
ness. Such strengthening work is conducted with externally
bonded FRP strips/sheets or near-surface mounted (NSM) FRP bars
[1,8,12]. Alternatively, FRP sheets may be wrapped around the
timber beams which can significantly increase the flexural capacity
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as well as the strength of the beam against splitting due to shear
[13]. It is noteworthy that application of bonded FRP for strength-
ening timber beams not only increases the loading capacity but
also can alter the mode of failure from a brittle mode to a more
ductile mode, which is desirable from a structural design point of
view [1,14].

Over the last two decades, extensive research has been devoted
to experimental study and improvement of detailed numerical
models based on continuum-based FE models as well as develop-
ment of simplified methods and design provisions for timber
beams strengthened with FRP [10,13,15-18]. The experimental
studies undertaken by different research groups cover various local
and global aspects of timber beams strengthened with FRP, such as
effect of different preservative and treatment methods on mechan-
ical properties of materials [19,20], bond strength and stress
analysis of FRP-wood interface [21,22], durability, long-term
behaviour and serviceability [23-25] and development of new
construction techniques and design provisions [4,16,26,27]. With
regard to the numerical studies undertaken to date, most of the
researches focus on application of nonlinear continuum-based FE
models in which the timber beam and FRP sheets/strips are divided
to small brick or membrane elements and the bond between FRP
and wood is assumed to be either perfect or alternatively modelled
by contact elements [9,11,21,28]. These nonlinear continuum-
based models offer good versatility and accuracy which are
required for the detailed study of local effects, but they are very
complicated and time-demanding and such complexity and
demands on computational resources make the continuum-based
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Fig. 1. (a) 2-Node frame element AB in x-y plane, (b) free body diagram for Ax.
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Fig. 2. Outline of the timber section strengthened with FRP sheet or near-surface
mounted bar within the present formulation.
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Fig. 3. Schematic outline of the uni-axial constitutive law for (a) plastic-damage
model, (b) total damage model.

FE models inapplicable for design-oriented parametric studies in
which only the global response is required. Discrete frame models,
however, are a good compromise between accuracy and efficiency
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for predicting the global response and design-oriented parametric
studies of beams strengthened with FRP.

Accordingly, in this study the force interpolation concept is
used to formulate an efficient nonlinear 1D frame element which
is applicable for design-oriented parametric studies. Material non-
linearities are taken into account by adopting appropriate uni-axial
constitutive laws for timber and FRP sheets (bars) and a shear cap
at section level is employed to predict the possible shear failure.
The section flexibility (stiffness) is calculated by a numerical inte-
gration scheme rather than discretising the section to fibres and
integrations along the element axis are estimated by utilising a
composite Simpson’s method [29]. Moreover, a novel approach
based on central difference method in conjunction with composite
Simpson'’s integration method along the element axis is developed
within the formulation to implicitly take account of bond shear-
slip.

2. Element formulation
2.1. Equilibrium and compatibility equations

Fig. 1a shows a 2-node plane frame element AB with three de-
grees of freedom at each node. The generalised displacement and

force vector are denoted by q and Q, respectively. The equilibrium
of the configuration Ax (Fig. 1b), yields [30,31]

D(X) = bXQ, + D'(¥), m
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where D(x) = [N(x)M(x)]T is the vector of section generalised force,
b(x) is the force interpolation matrix, Q4 = [Q; Q> Qs]", is the vector
of nodal generalised force at end A and D*(x) = [N*(x)M*(x)]" is a vec-
tor of total section forces solely due to element loads.

Equilibrium across the section requires that

D(x) — [ /Q oydA — /Q yadir, 3)

where y is the distance of the integration point from the element
mid-plane (see Fig. 2) and g, is the total x-x stress component at
the monitoring points.

Adopting the Navier-Bernoulli
requirement over section depth yields

theory, the compatibility
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Fig. 4. Schematic outline of the adopted stress-strain relationship in this study for (a) timber, (b) FRP sheet (bar).
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