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This paper presents a probability model to predict the maximum rotation of rocking bodies exposed to
seismic excitations given particular earthquake intensity measures. After obtaining the nonlinear equa-
tions of motion and a clarification of the boundaries applied to a rocking body needed to avoid sliding,
a complete discussion is provided for the estimation of the approximate period and equivalent damping
ratio for the rocking motion. After that, instead of using an iterative solution, which has been proven
defective, a new approximate technique is developed by finding the best representative ground motion
intensities. Suitable transformations and normalizations are applied to these intensities, and the
Bayesian updating approach is employed to construct a probability model. The proposed probability
model is capable of accurately predicting the maximum rotation of a symmetric rocking block given
the displacement design spectra, peak ground acceleration, peak ground velocity, and arias intensity of
an earthquake. This probabilistic model along with the approximate capacity of rocking blocks are used
to estimate the fragility curves for rocking blocks with specific geometrical parameters. In the end, a com-
prehensive and practical form of fragility curves are provided for design purposes along with numerical

examples.

© 2016 Elsevier Ltd. All rights reserved.

1. Introduction

Freestanding, non-structural components, like building compo-
nents or unanchored structures, rely on their self-weight (gravity
force) for stability from overturning. These structures include stat-
ues in museums, electrical equipment, and sensitive devices in
hospitals. In many cases, the buildings, in which these components
are placed, do not fail during an earthquake; however, failure of
these freestanding components might cause enormous financial
loss and fatal accidents. Therefore, in recent years, the attention
of various researchers has focused on the rocking response of free-
standing rigid blocks. Early studies on the rocking response of a
rigid block supported on a base undergoing horizontal motion
was presented in [1,2]. Current investigations use the formulation
of the rocking motion derived in these studies. These models have
been used to describe the behavior and the overturning of rocking
bodies subject to base excitations. Some researchers employed
harmonic loading (e.g., [3-6]), and many others used earthquake
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ground motions (e.g., [7-9]). In Ref. [1] overturning criteria have
been suggested for freestanding blocks exposed to selected ground
excitations. The overturning probability increases as the amplitude
of the peak ground acceleration (PGA) increases [9]. Moreover, the
fragility of rocking bodies increases as their slenderness increases
or their size decreases [9]. Some new studies also have focused
on the mitigation of rocking bodies using base isolation. An
updated formulation of motion usable for base-isolated blocks
can be found in the literature ([10-13]). These studies also showed
the effectiveness of an isolation system.

A probabilistic approach to determine the overturning probabil-
ity of blocks exposed to earthquake excitations has been premiered
in [9]. After that, other studies also focused on finding the over-
turning probability of blocks. In particular, [14] undertook a prob-
abilistic investigation and found relationships for the overturning
fragilities as a function of peak ground acceleration (PGA), peak
ground velocity over peak ground acceleration (PGV/PGA) and
spectral acceleration (S;). These results were checked with experi-
mental data in [15] to show that the fragilities are consistent with
the experimental results. Recently, it was shown that the fragility
of rocking bodies has a strong correlation with the peak displace-
ment demand (PDD) of an earthquake [16]. Before these studies,
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an analytical solution for the free vibration period of rocking bod-
ies, which relates the period of motion T to the angle of rotation 6
had been developed in [1]. The rocking motion of free bodies with a
single degree of freedom system was estimated, and an approxi-
mate damping ratio for rocking blocks was suggested [17]. The
availability of period and the damping ratio for rocking structures
in association with response spectra motivated researchers [17] to
propose a relatively simple procedure to estimate the maximum
rotation of freestanding bodies exposed to ground motions. An
updated version of this process also has been used in the Federal
Emergency Management Agency recommendations. However, a
comprehensive investigation of this method was conducted in
[18], and it was shown that this iterative method was not accurate
and should be abandoned.

This paper develops a comprehensive model to compute the
maximum rotation of rocking bodies considering 200 different
ground motions. Using these data, a Bayesian framework is
employed to develop a probabilistic demand model for the rocking
motion of symmetric rigid blocks. This model properly accounts for
the prevailing uncertainties, including model errors arising from an
inaccurate model form or missing variables, measurement errors,
and statistical uncertainties. To achieve a better approximation of
ground motion intensities usable for rocking bodies, the formula
for the period of motion developed in [1] is used, and an approxi-
mation for the damping ratio is developed. The period and damp-
ing ratio are used to normalize the ground motion intensities.
Instead of restricting the solution to specific ground motion inten-
sities, this paper uses an initial set of 23 different ground motion
parameters to investigate their effect on the maximum rotation
of rocking bodies. The relevant ground motion parameters are then
selected using the generated data. After that, using the developed
probabilistic model, fragility curves are generated. The fragility
curves are defined as the conditional probability of overturning
of a rocking body for a given set of geometrical properties and
earthquake intensities. To better understand the influence of
geometry on the probability of overturning, first a comparison
between fragility curves for blocks with a constant slenderness
and different size is presented, and after that, the same comparison
is carried out for blocks with a constant size and different slender-
ness. These comparisons are used to obtain a comprehensive set of
fragility curves. This set is valid for a broad range of the slender-
ness and size of blocks. At the end of the paper, some examples
are solved to clarify the use of the fragility curves, and conclusion
remarks are provided.

2. Dynamics of rocking bodies

The purpose of this section is to construct suitable nonlinear
equations of the rocking motion of rigid symmetric bodies exposed
to earthquake excitations. There are various approaches in the lit-
erature to construct the equations of motion and consider the loss
of energy during an impact. The conservation of angular momen-
tum [19] is used in this paper. Moreover, the criteria required to
initiate the rocking motion and the maximum threshold for col-
lapse or overturning of the block are discussed.

2.1. Nonlinear equations of motion

All geometrical parameters that characterize the rigid body are
shown in Fig. 1. Where, C is the center of mass of the body, r is the
distance from C to the corner of rotation, 0 is the angle of rotation
of the body, h is the vertical height of the center of mass, b is the
horizontal distance from the center of mass to the corner of rota-
tion, and o is the angle between the line connecting one corner
to the center of mass and the vertical line. The equations of motion

Fig. 1. Geometrical parameters of the rigid block.

are obtained by evaluating the equilibrium of all forces acting on
the system during the rocking motion. Forces acting on the body
during the rocking motion are shown in Fig. 2 for both rocking
around the left corner (Corner 1) and the right corner (Corner 2).
The equation of the movement for this single degree of freedom
system can be obtained by writing the equilibrium of moments
around the corner of rotation. In these figures, 0 is the angle of
rotation of the body, and k, and y, are the horizontal and vertical
ground motion accelerations, respectively. Positive directions for
ground displacements are rightward and upward for the horizontal
and vertical motions, respectively. The same positive directions are
assumed for velocities and accelerations. The rotation 0 is positive
when the body rocks counterclockwise and is negative when the
body rocks clockwise. First, the counterclockwise rotation is con-
sidered, and equations can be obtained in a similar way for the
clockwise rotation. For the counterclockwise rotation, the equilib-
rium of moments reads

10 — m&,r cos(o — 0) + m(g + j)rsin(o. — ) = 0 1)

where I = I + mr? is the moment of inertia relative to the corner of
rotation, I¢ is the moment of inertia relative to the center of mass C,
and g is the gravitational acceleration. In Fig. 2a, the term mr? is
the centrifugal force acting on the body due to the angular velocity
possessed by the body. However, because it is acting toward the
corner of rotation, the resultant moment of it is zero, and it does
not appear in the equation of motion. The term mrf is the transla-
tional inertia force due to the rotational acceleration 0.

The equation of motion for the clockwise rotation is obtained
similarly by taking into account that, in this case, a rotation asso-
ciated with a lifting of the base is negative. The equilibrium for
the clockwise rotation is written by referring to the forces reported
in Fig. 2b. This equation reads

(b)

Fig. 2. Forces acting on the rigid body for (a) counterclockwise rotation and (b)
clockwise rotation.
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