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a b s t r a c t

Shear stress distributions in tapered web I-beams are incorrectly predicted by the conventional beam
analysis method used for uniform beams. More accurate predictions are obtained by adopting the finding
for wedges that the normal stress trajectories are radial instead of parallel.
The shear stress distributions in web-tapered I-beams are influenced by the vertical components of the

inclined flange forces (which are zero in uniform beams), as well as by the normal stress gradients in the
flanges. The net web shear equal to the difference between the external shear and the vertical compo-
nents of the inclined flange forces is resisted by the resultant of the vertical components of the normal
stresses and the circumferential shear stresses.
The circumferential shear stresses srh have linear components due to axial force and parabolic compo-

nents due to moment and shear. The magnitudes of these stresses are controlled by the normal stress gra-
dients at the flange-web junctions and by the requirement that the web shear resistance must equal the
net web shear force.

� 2015 Elsevier Ltd. All rights reserved.

1. Introduction

The in-plane behaviour of tapered I-beams (Fig. 1) is rarely trea-
ted in textbooks, but designers commonly assume that they
behave in the same way as uniform beams. While this may be sat-
isfactory for the bending deflections and the normal stresses, it
may lead to incorrect shear stress distributions.

In uniform I-section beams, the normal stresses due to
moments and axial forces are parallel to the centroidal axis, while
the shear forces are resisted solely by shear stresses in the web [1].
However, in web-tapered beams, the flanges are inclined to the
centroidal axis, as are the flange normal stresses, and so the stress
trajectories are inclined to the centroidal axis. In addition, the
inclined flange forces have components transverse to the cen-
troidal axis, which may participate in resisting the shear forces.

In this paper, the distributions of the normal and shear stresses
in web-tapered I-beams are investigated. First, the known
stress distributions in tapered plate wedges (Fig. 2) are reviewed,
because of the similarity of tapered wedges to the webs of tapered
I-beams. These suggest that the normal stresses in web-tapered
I-beams might be assumed to be radial. This assumption is
then used to analyse the distributions of normal and shear
stresses. Finally, the predicted stress distributions are compared

with those obtained from a more rigorous finite element program
[2] which incorporates the two-dimensional membrane behaviour
of the flange and web plates of which the tapered beams are
composed.

2. Plate wedges

The stresses in wedges (Fig. 2) have been reported in [3]. For a
wedges of included angle 2awith an end compression load �N act-
ing along the axis, the stress distribution at a distance r from the
apex of the wedge is purely radial (Fig. 3a), with zero circumferen-
tial normal stresses rh and shear stresses srh. The radial stresses

rr ¼ � 2N cos h
rð2aþ sin 2aÞ ð1Þ

vary with the angle h from the axis, but are nearly uniform for
wedges with small taper angles a. The stress trajectories are clearly
radial along the lines h = constant, which are also principal stress
contours.

For wedges with end loads V acting transverse to the axis, the
stress distribution is again radial (Fig. 3b), with zero circumferen-
tial normal stresses rh and shear stresses srh and

rr ¼ � 2V sin h
rð2a� sin 2aÞ ð2Þ
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The variation of these stresses with the angle h is nearly linear
for small taper angles a. Again, the stress trajectories are radial
along the lines h = constant, which are also principal stress
contours.

For these wedges, the end load V causes bending moments and
shear forces which vary along the axis. The variation of the hori-
zontal components of rr in wedges with small tapers is close to
the linear variation of rz for moment predicted by conventional
beam analysis (CBA). However, the variation of the vertical compo-
nents is very different to that of CBA, for which the distribution of
the shear stress syz is parabolic with zero stresses at the top and
bottom edges, and 1.5 times the average at the axis. For the wedge,
the shear stress syz variation is also parabolic, but with zero stress
at the axis and 3 times the average at the top and bottom edges.
The sums of the horizontal and vertical components of rr are equal
to the moment and shear effects of the applied load.

For wedges with end moments M, the circumferential normal
stresses rh are again zero, but the radial stresses are accompanied
by shear stresses (Fig. 3c). The radial stresses are

rr ¼ � 4M sin 2h
2r2ðsin 2a� 2a cos 2aÞ ð3Þ

and the shear stresses are

srh ¼ 2Mðcos 2h� cos 2aÞ
2r2ðsin 2a� 2a cos 2aÞ ð4Þ

The variation of the horizontal components rz in wedges with
small tapers is close to the linear variation of CBA for moment.
The vertical components of the radial stresses vary from maxima
at the edges to zero at the axis, and are so balanced by the vertical
components of the shear stresses that there is no vertical shear
resultant. Because of the presence of shear stresses, the principal
stress trajectories are not quite radial.

It can be concluded that the normal stress distributions in small
taper wedges are radial, and are closely approximated by CBA.
However, the shear stress distributions are quite different to those
predicted by CBA.

3. Web-tapered beams

3.1. Beams

A simply supported web-tapered beam with equal uniform
flanges is shown in Fig. 1. The beam length is L = 152 mm. The
cross-section dimensions are shown in Table 1.

3.2. Methods of analysis

3.2.1. Tapered beam analysis (TBA)
The methods of linear elastic analysis (CBA) of uniform beams

are well documented [1]. In summary, plane sections are assumed
to remain plane and shear strains are neglected in the analysis of
the bending deflections, and stress concentrations at applied loads
or reactions are ignored. The section properties of area A and sec-
ond moment of area Ix are used to determine the longitudinal nor-
mal stresses r caused by axial force N and bending moment Mr,
which are determined from the applied loads and moments either
by equilibrium for determinate beams or by analysis of the bend-
ing deflections v for indeterminate beams. In Appendix A, CBA
analysis of bending and compression is adapted to web-tapered
I-beams by assuming that the normal stress trajectory inclinations

Nomenclature

A area of cross-section
bf,w flange width and web depth
bw0 flange width at z = 0
Cm,n constants of integration
E Young’s modulus of elasticity
Ix in-plane second moment of area
k see Eq. (B.3)
L length
M external moment
Mc mid-span moment
Mr bending moment
N external axial force
r distance of point P(z, y) from flange intersection
r0 distance to beam left hand end
tf,w flange and web thicknesses
v, w displacements in y, z directions

V external shear force
Vf sum of vertical components of flange forces
vP, wP displacements of P(z, y)
x, y principal axes
z distance along member
a flange inclination
er strain
h angle from z axis
rr normal stress in r direction
rz normal stress in z direction
srh circumferential shear stress
srha value of srh at bottom flange
s0m, s0n see Eq. (B.11)
sam see Eq. (B.11)
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Fig. 1. Web-tapered I-beam.
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Fig. 2. Wedge.
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