
Effects of approximations on non-linear in-plane elastic buckling
and postbuckling analyses of shallow parabolic arches

Mark Andrew Bradford a, Yong-Lin Pi a,⇑, Guotao Yang a, Xiao-Chun Fan a,b

a Centre for Infrastructure Engineering and Safety, School of Civil and Environmental Engineering, UNSW Australia, Australia
b School of Civil Engineering and Architecture, Wuhan University of Technology, China

a r t i c l e i n f o

Article history:
Received 2 March 2015
Revised 3 July 2015
Accepted 6 July 2015
Available online 18 July 2015

Keywords:
Approximations
Buckling load
Effects
Errors
Limitation
Parabolic arch

a b s t r a c t

In the non-linear in-plane elastic buckling and postbuckling analyses of shallow parabolic arches, to over-
come the difficulty in deriving an accurate expression for the non-linear normal strain, an approximation
assumption that the derivative of the vertical coordinate with respect to the horizontal coordinate satis-
fies ðdy=dzÞ2 � 1 has been adopted in many investigations. The merit of the assumption is that it leads to
the same differential equations of equilibrium and the same solutions as those for shallow circular arches.
However, the accuracy of the assumption and the limitation of the analytical solutions have not been
examined and because of the approximation, the analytical solutions may lead to significant errors for
the buckling loads of shallow parabolic arches in some cases. This paper investigates the effects of the
approximation assumption on the accuracy of in-plane buckling and postbuckling analyses of
pin-ended and fixed shallow parabolic arches by comparing the analytical solutions with their finite
element counterparts. It is found that the analytical solutions based on the assumption have some lim-
itations because the assumption holds approximately only for extremely shallow parabolic arches, but is
not valid for most shallow parabolic arches. The analytical solutions for the buckling loads based on the
assumption are larger than the corresponding finite element results for parabolic arches with a
rise-to-span ratio greater than 0.08, the error of the analytical solution increases with an increase of
the rise-to-span ratio of the arch, and the sources for the errors are identified and discussed. Hence,
caution should be exercised when using the analytical solutions to predict the buckling load of shallow
parabolic arches, particularly of those with a rise-to-span ratio greater than 0.08.

� 2015 Elsevier Ltd. All rights reserved.

1. Introduction

A number of studies of in-the plane buckling and postbuckling
behavior of arches have been reported and most of them focus
on the circular arches [1–14]. The analytical solutions for the
in-plane buckling of high circular arches were obtained by
Hodges [1] and verified to be accurate later by Chang and
Hodges [2] using a finite element (FE) analysis, while the analytical
solutions for the non-linear in-plane buckling and postbuckling of
shallow circular arches under a uniform radial load and under a
central concentrated load were derived by Pi et al. [3] and
Bradford et al. [4] respectively and the solutions were also verified
by the FE analyses.

In addition to circular arches, the parabolic arches are also
widely used in engineering structures, particularly in bridge

construction. The in-plane buckling and postbuckling behavior of
parabolic arches have been investigated by several researchers
numerically, analytically and experimentally [15–18]. The profile
of the parabolic arch can be described in the rectangular axis sys-
tem oyz as [17,18] (Fig. 1)
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where L is the span of the arch, the origin o of the axis system is
located at the centre between the two ends of the arch, with the
positive direction of the axis oy being vertically downward and
the positive direction of the axis oz being toward the right hand
end of the arch, and p is the focal parameter of the parabolic arch
defined by

p ¼ L2

8f
; ð2Þ

with f being the rise of the arch.
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In deference to the case of circular arches [1–4], it is difficult to
formulate the accurate non-linear longitudinal normal strain for
parabolic arches and consequently it is also difficult to derive the
accurate analytical solutions for the non-linear in-plane buckling
of parabolic arches. Hence, approximate analytical solutions were
sought by several researchers [17,18,31–34] using an approxima-
tion assumption that

dy
dz

� �2

� 1 ð3Þ

in derivation of the non-linear longitudinal normal strain for shal-
low parabolic arches, which have been used in large span roof struc-
tures as reported in [35] and bridges as reported in [36].

This assumption of Eq. (3) leads to an equivalent assumption as

ds ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ dy

dz
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s

dz � dz; ð4Þ

which is also used in the derivation of the non-linear strain of shal-
low parabolic arches [17,18,31–34].

The merit of these assumptions is that they lead to the same dif-
ferential equations of equilibrium and the same analytical solu-
tions for shallow parabolic arches as those for shallow circular
arches. Because analytical solutions for the non-linear in-plane
elastic buckling and postbuckling of shallow circular arches with
different boundary conditions under different loads are available
in the open literature [3,4,19–30], these approximation assump-
tions make analytical investigations of the non-linear buckling
and postbuckling of shallow parabolic arches quite straightfor-
ward. Although the assumptions given by Eqs. (3) and (4) have
these merits, they may have disadvantages and limitations. From
Eq. (1), it follows that
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¼ z2

p2 ; ð5Þ

from which the assumptions given by Eqs. (3) and (4) hold only
approximately near the crown of the arch (with a very small coor-
dinate z) and for extremely shallow parabolic arches (with a large
focal parameter p), but do not hold for most shallow parabolic
arches. Hence, the non-linear strain derived based on the assump-
tions given by Eqs. (3) and (4) may have significant errors when
an arch is not extremely shallow. Consequently, analytical solutions
based on the assumptions may erroneously predict the in-plane
elastic buckling load and postbuckling response of most shallow
parabolic arches used in engineering structures. However, the dis-
advantages and limitations of analytical solutions based on the
approximation assumptions given by Eqs. (3) and (4) have not been
addressed adequately, and the analytical solutions have been used
incorrectly for parabolic arches that are not very shallow [31–34].
Hence, identifying the effects of the approximation assumptions
on the accuracy of the solutions is much needed, as well as deter-
mining the limits of the rise-to-span ratio within which the analyt-
ical solutions can be used for predicting the non-linear in-plane

buckling and postbuckling of parabolic arches closely, so that incor-
rect use of the analytical solutions can be avoided.

This paper investigates the effects of the approximation
assumptions on the accuracy of analytical solutions for the
in-plane buckling and postbuckling responses of parabolic arches
under a uniform vertical load or a central concentrated load
(Fig. 1) by comparing the analytical solutions with FE results. The
merits and disadvantages of the assumptions are examined, the
limitations of the analytical solutions are clarified, and the maxi-
mum value of the rise-to-span ratio of parabolic arches is deter-
mined for the analytical solutions to be able to predict the
non-linear in-plane buckling and postbuckling response. The
sources for the errors in the analytical solutions produced by the
approximation assumptions are also identified.

2. Non-linear analysis under a uniform vertical load

When a shallow parabolic arch is subjected to a uniform vertical
load q over its full span (Fig.1a), under the assumptions given by
Eqs. (3) and (4), the solution for the vertical displacement v can
be obtained as [17] (Appendix A)

v ¼ Q
l2
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for pin-ended arches, and
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for fixed arches, where the horizontal force parameter l1 and the
dimensionless load Q are defined by

l2
1 ¼

N
EIx

and Q ¼ qp
N
� 1; ð8Þ

and where E is the Young’s modulus of the material, Ix is the second
moment of area of the cross-section about its major principal axis,
and N is the horizontal force.

By defining l2 ¼ l2
1p2; h ¼ z=p; H ¼ L=2p, and b ¼ lH, it can

be deduced that l ¼ pl1 and b ¼ lH ¼ l1L=2 and the vertical dis-
placement v given by Eqs. (6) and (7) can then be rewritten as

v ¼ Qp
l2
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for pin-ended arches, and

v ¼ Qp
l2

b½cosðlhÞ � cos b�
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2
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for fixed arches.
It is noted that when the focal parameter p of a parabolic arch is

replaced by the radius R of a circular arch, and the horizontal coor-
dinate z and span L of the parabolic arch are replaced by the axial
curvilinear coordinate s and length S of the circular arch, the

Fig. 1. Parabolic arches.
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