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a b s t r a c t

In this work, the modal and harmonic analysis of elastic shallow shells, using a Dual Reciprocity Boundary
Element formulation, is presented. A boundary element formulation based on a direct time-domain
formulation using the elastostatic fundamental solutions was used. Effects of shear deformation and
rotatory inertia were included in the formulation. Shallow shell was modeled coupling boundary element
formulation of shear deformable plate and two-dimensional plane stress elasticity. Domain integrals
related to inertial terms were treated using the Dual Reciprocity Boundary Element Method. Several
examples are presented to demonstrate the efficiency and accuracy of the proposed formulation.

� 2014 Elsevier Ltd. All rights reserved.

1. Introduction

Dynamic plate bending problems appear on civil, mechanical,
aerospatial and naval applications. The complexity involved in
the dynamic response of plates turns these problems in a challeng-
ing one from mathematical point of view. In general, numerical
methods represent the only way to obtain approximate solutions
for dynamic analysis. However, the use of traditional methods
based on domain discretization requires refined meshes involving
a high number of degrees of freedom, which requires a significant
computational effort.

Nowadays, the Boundary Element Method (BEM) has emerged
as an accurate and efficient numerical method for shear deform-
able plate and shell static analysis [1,8,18–20]. Dynamic analysis
of shear deformable plates using elastodynamic fundamental solu-
tions or Laplace or Fourier transformations of these fundamental
solutions were used in [2,7,15–17]. In [5,13] a time-domain direct
formulations based on elastostatic fundamental solutions for dy-
namic analysis of shear deformable plates, are presented. However,
to the best of the author knowledge, the Boundary Element Meth-
od has not been used for the dynamic analysis of shear deformable
elastic shallow shells.

This work presents free vibration and harmonic analysis of
shear deformable elastic shallow shells using a boundary element

formulation. This formulation is based on direct time integration
and elastostatic fundamental solutions. Effects of shear deforma-
tion and rotatory inertia are included in the formulation. Shells
were modeled by coupling the boundary element formulation for
shear deformable plates based on the Reissner plate theory and
two-dimensional plane stress elasticity, as presented in [1,19].
The Dual Reciprocity Boundary Element Method for the treatment
of domain integrals involving inertial mass, was used. Numerical
examples are presented and results were compared with those ob-
tained using finite element models.

2. Shallow shell dynamic equations

Consider a shallow shell of uniform thickness h and mass den-
sity q, occupying the area X, in the x1x2 plane, bounded by the con-
tour C ¼ Cw

S
Cq with C ¼ Cw

T
Cq � 0, as presented in Fig. 1. The

dynamic bending response for the shallow shell was modeled cou-
pling the classical Reissner plate theory and the two-dimensional
plane stress elasticity as presented in [18].

Equations of motion for an infinitesimal plate element are given
by [10]:

Lb
ikwk þ q�i ¼ Kb

ik
€wk þKbm

ia €ua ð1Þ
Lm
abub ¼ Kbm

ab
€wb þKm

ab
€ub ð2Þ

Indicial notation is used throughout this work. Greek indices vary
from 1 to 2 and Latin indices take values from 1 to 3. Einstein’s sum-
mation convention is used unless otherwise indicated. In these

http://dx.doi.org/10.1016/j.engstruct.2014.01.010
0141-0296/� 2014 Elsevier Ltd. All rights reserved.

⇑ Tel.: +57 5 6535216; fax: +57 5 6619240.
E-mail address: juseche@unitecnologica.edu.co

Engineering Structures 62–63 (2014) 65–74

Contents lists available at ScienceDirect

Engineering Structures

journal homepage: www.elsevier .com/ locate /engstruct

http://crossmark.crossref.org/dialog/?doi=10.1016/j.engstruct.2014.01.010&domain=pdf
http://dx.doi.org/10.1016/j.engstruct.2014.01.010
mailto:juseche@unitecnologica.edu.co
http://dx.doi.org/10.1016/j.engstruct.2014.01.010
http://www.sciencedirect.com/science/journal/01410296
http://www.elsevier.com/locate/engstruct


equations, wa represents rotations with respect to x1 and x2 axes,
and w3 represents transverse deflection; €wa denotes angular
accelerations with respect to x1 and x2 axes, respectively, €w3

represents the transverse acceleration; ua and €ua represents
membrane displacements and accelerations along xa axis,
respectively; Tensors Kb

ij, Kbm
ij and Km

ij are defined as: Kb
ab ¼ I2dab

and Kb
33 ¼ I0; Kbm

ab ¼ I1dab; Km
ab ¼ I0dab; dab is the Kronecker’s delta

and Ii is the mass inertias given by:

Ii ¼ q
Z þh=2

�h=2
fidf; i ¼ 0;1;2 ð3Þ

The differential operator Lik in Eq. (1), is given by [1]:

Lb
ab ¼

Dð1þ mÞ
2

ðr2 � k2Þdab þ
ð1þ mÞ
ð1� mÞ

@

@xa

@

@xb

� �
ð4Þ

Lb
a3 ¼ �Lb

3a ¼ �
ð1� mÞD

2
k2 @

@xa
ð5Þ

Lb
33 ¼ �

ð1� mÞD
2

k2r2 ð6Þ

Fig. 1. Shallow shell geometry.

Fig. 2. Flow chart for computer program.

Fig. 3. Circular shallow shell geometry.
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