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a b s t r a c t

For steel tubular truss arches, calculations of sectional rigidity especially the torsional rigidity, as well as
the effect of shear deformation on out-of-plane buckling are not available yet. This paper investigates the
sectional rigidities of trusses and the out-of-plane buckling loads of pin-ended circular steel tubular truss
arches in uniform axial compression and in uniform bending. Firstly the compression rigidity, flexural
rigidity, shear rigidity and torsional rigidity of latticed configuration for trusses are deduced. Then the
out-of-plane buckling equations for circular monosymmetric arches incorporating the effect of shear
deformation are established using a static equilibrium approach. Lastly the closed form solutions for
out-of-plane buckling loads of pin-ended circular truss arches in uniform compression and in uniform
bending are obtained. It is found that the axial deformation of chord tubes need be taken into account
in the derivation of shear rigidity and torsional rigidity of latticed configuration. Due to the curved arch
profile, the effect of shear deformation on out-of-plane buckling loads of truss arches is much smaller
than that on straight truss columns.

� 2013 Elsevier Ltd. All rights reserved.

1. Introduction

Steel arches have high in-plane load-carrying capacity. Com-
pared with solid-web steel arches, steel tubular truss arches that re-
sist external loading by the curved profile and latticed configuration,
are more widely used in large span spatial structures such as sta-
dium buildings and steel bridges due to their favorable architectural
effect and higher load-carrying efficiency. It is known that a circular
arch under in-plane loading may buckle in the plane of loading in a
bifurcation mode or in a limit point instability mode [1–7], and it
may also suddenly displace laterally and twist out of its plane of
loading and fail in a lateral-torsional buckling mode [1,2,8–22].

Because the lateral and torsional stiffnesses of an arch are usu-
ally much smaller than its in-plane stiffnesses, when the arch does
not have adequate lateral bracings, it may fail in a flexural–torsional
mode before its in-plane failure. As a result, attention should be
paid to the out-of-plane stability of steel tubular truss arches for
practical applications. Before investigations for the inelastic
strength design of arches under general loading by a combination
of axial compression and bending actions, the linear elastic out-
of-plane buckling loads of circular arches in uniform compression
and in uniform bending need be studied. Substantial investigations
[8–22] have been carried out mainly into the out-of-plane stability

of solid-web circular steel arches since the early contributions by
Timoshenko and Gere [1] and Vlasov [2], among which either static
equilibrium approaches [1,2,19–22] or energy approaches [8–19]
were adopted. Timoshenko and Gere [1] derived the out-of-plan
buckling loads of circular arches with narrow rectangular section,
and discussed the effect of loading direction. Vlasov [2] obtained
the buckling loads of circular arches with open cross-section, by
introducing an analogy between the curved member and a straight
beam–column. Yoo [9] made a similar analogy by a virtual work ap-
proach for the buckling of circular arches, which was pointed out to
produce some errors by [10–14,17,19–21]. Dou and Guo [22] pre-
sented closed form solutions of buckling loads for doubly symmet-
ric circular arches by a static equilibrium approach, which were
exactly the same with those derived by Pi and Bradford [19] using
an energy approach. However, the closed form solutions for elastic
out-of-plane buckling loads of circular arches in uniform compres-
sion and in uniform bending obtained by different researchers have
some discrepancies between each other, which as explained by Pi
and Bradford [19], are mainly because different expressions for
nonlinear components of the longitudinal normal strain were used
during the energy approach derivations. Meanwhile they also
pointed out [19], if the linear elastic out-of-plane buckling of circu-
lar arches was concerned, the static equilibrium approach still sup-
plies an effective way to obtain the accurate buckling loads.

Due to the latticed configuration, stability theories of steel
tubular truss arches are more complex than those of solid-web
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arches. The differences between them mainly include two aspects,
of which one is to calculate the sectional rigidities such as shear
rigidity and torsional rigidity of trusses, the other is to incorporate
the effect of shear deformation of trusses in the buckling loads.
However, up to now none of the problems above is well solved
for out-of-plane buckling of steel tubular truss arches.

As a beginning of investigations into the out-of-plane stability
design under general loading, this paper focuses on the linear elas-
tic out-of-plane overall buckling loads of pin-ended circular steel
tubular truss arches subjected to uniform compression and in-
plane uniform bending (Fig. 1). Firstly, the compression rigidity,
flexural rigidity, shear rigidity and torsional rigidity for trusses
are deduced theoretically. Secondly the out-of-plane buckling
equations for circular monosymmetric arches incorporating the ef-
fect of shear deformation are established via a static equilibrium
approach, which are suitable for both solid-web arches and tubular
truss arches. Then the closed form solutions for out-of-plane buck-
ling loads of pin-ended circular truss arches in uniform compres-
sion and in uniform bending are presented respectively, with
consideration of the shear effects of latticed configuration, loading
position over cross-section and sectional asymmetry.

For circular arches in uniform compression (Fig. 2), the distrib-
uted radial loads are classified as three types, namely hydrostatic
load, load directed towards a fixed point and load with fixed

direction [19,21,22], among which the last one results in the
lowest out-of-plane buckling load. In this paper, the radial load
with fixed direction is involved. The geometry of the truss arches
studied is shown in Fig. 1. H is the subtended angle of the arch,
w is the coordinate of central angle, R is the radius of the arch
(distance from the cross-sectional centroid to the center of circle
arc) and S is the developed length of cross-sectional centroid axis.
The origin point o of coordinate system o-xyz is located at the cen-
troid of cross-section. The web members of steel tubular truss ar-
ches studied in this paper are classified as two groups, of which
the first ones are perpendicular to the chord tubes named as the
transverse tubes, the other ones are oblique and named as the
diagonal tubes, as shown in Fig. 1. Also, the truss arches are classi-
fied as two types according to the arrangement of web members.
One type is Pratt truss characterized by having its diagonal tubes
all slanted down towards one direction, and the other is Warren
truss of which the diagonal tubes constitute a series of isosceles
triangles.

2. Finite element model description

Finite element program ANSYS 13.0 [24] is adopted to perform
linear elastic analyses for sectional rigidities of trusses, as well as
numerical enginbuckling analyses for elastic out-to-plane buckling

Notation

Ac cross-sectional area of a single chord tube
Ad cross-sectional area of a single diagonal tube
At cross-sectional area of a single transverse tube
a, b side lengths of cross-section
Dc external diameter of a chord tube
Dd external diameter of a diagonal tube
Dt external diameter of a transverse tube
dci distance from the axis of chord tube i to the centroid of

entire cross-section
E modulus of elasticity
EA compression rigidity of cross-section
EIw warping rigidity of cross-section
EIy flexural rigidity of cross-section
f rise of an arch
G shear modulus of elasticity
GJ torsional rigidity of cross-section
i0 polar gyration radius of cross-section
Kv, Kvi shear rigidity
Kvx, Kvy shear rigidities along the x, y axes
L span of an arch
Lc length of a chord tube within a panel of a truss
Ld, Ldi length of a diagonal tube
Lt, Lti length of a transverse tube
Mcr buckling moment of an arch
Mx, My bending moments about the x, y axes
Mz torsional moment over cross-sections
mzq distributed external torque about the shear center of

cross-section
N axial force of cross-section
Nc, Nci axial force of a chord tube
Ncr buckling axial force of an arch
Nd, Ndi axial force of a diagonal tube
Nt, Nti axial force of a transverse tube
Py the first mode flexural buckling load of an axially-

loaded pin-ended column
Pz the first mode torsional buckling load of an axially-

loaded pin-ended column
Qx, Qy shearing force along the x, y axes

qx component of external distributed load along the x axis
R radius of an arch
rci distance from the sectional centroid of chord tube i to

the shear center of entire cross-section
ri distance between the torsional center and side i of

cross-section
S developed length of cross-sectional centroid axis of an

arch
tc wall thickness of a chord tube
td wall thickness of a diagonal tube
tt wall thickness of a transverse tube
u out-of-plane translational displacement of cross-sec-

tional centroid of an arch
V, Vi shearing force
yq loading position of external force over cross-section

along the y axis
ys coordinate of the shear center over cross-section along

the y axis
ai included angle between the direction of external shear-

ing force and surface i of a truss
b out-of-plane rotation of cross-section of an arch
by coefficient of sectional asymmetry
c, ci shear angle
cx, cy shear angles along the x, y axes
h, hi included angle between a diagonal tube and a chord

tube
jz unit twist rotation of cross-section of an arch about the

z axis
qx, qy radiuses of curvatures about the x, y axes induced by

bending moments
qxc, qyc radiuses of curvatures about the x, y axes incorporating

the effect of shear deformation
w coordinate of central angle of an arch
x twist rotation of cross-section of an arch
Dc deformation of a chord tube
Dt, Dti deformation of a transverse tube
H subtended angle of an arch
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