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h i g h l i g h t s

• Coupling of elastic properties with plastic strains, under non-isothermal conditions.
• Adiabatic elasto-plastic moduli.
• Refractory materials subjected to extreme temperature and stress conditions.
• Degradation of elastic stiffness due to plastic distorsional strains.
• Variation of elastic stiffness due to plastic volumetric compaction/dilation.
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a b s t r a c t

The coupling of elastic and plastic deformation is introduced in a framework allowing for
the inclusion of thermal effects. In this context where high temperatures may be present,
many laws governingmaterials behaviour becomenonlinear functions of both temperature
and strain. The understanding of this is crucial to model the behaviour of refractories,
sintering processes, rocks at great depth and geo-energy. Two equivalent formulations are
presented, one in terms of isothermal elastic quantities and the other in terms of adiabatic.
In the former approach a Helmholtz free energy density need not be introduced and the
contributions to the variations of elastic stiffness of both plastic flow and temperature can
be clearly separated and hence a full explanation is given. A simple example using available
experiments on sintered alumina shows the capability of the constitutive framework to
describe the behaviour of refractories at high temperature.

© 2015 Elsevier Ltd. All rights reserved.

1. Introduction

Refractories for applications in the liquid steel industry,1
ceramic powders subject to sintering,2,3 rocks in the earth’s
mantle, rocks involved in heat storage or in geothermal
energy exploitation at great depth,4 and concrete for fire
protection5 are all examples of materials working under
extreme temperature environments or subject to high
temperature excursions. In all these cases plastic flow
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which is caused by sliding between grains, nucleation and
growth of pores and microcracks affects the elastic prop-
erties of the materials. These phenomena can be modelled
using the concept of elastoplastic coupling, a concept that
was pioneered and developed by Tomasz Hueckel,6–10 to
whom this article is dedicated. In the above-mentioned
materials, temperature is known to influence yielding,
hardening, and elasticity, but it may have antagonistic ef-
fects on damage, so that, while a thermal shock can mi-
crofracture a brittle material, adhesion between particles
occurs during sintering and an analogous phenomenon of
microfracture healing may happen as a consequence of lo-
cal melting at crack surfaces in fissured rock.
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Research on elastoplastic coupling has developed to in-
clude multisurface effects,11 models for the densification
processes of granulates12–15 and models for the mechani-
cal response of sand.16 This has proved to be of crucial im-
portance in capturing strain localization in granular media
under drained conditions.17,18 An important step forward
in this activity was the realization that assuming normal-
ity for the rate of irreversible strain (rather than of plastic
strain) to the yield surface implies that the constitutive op-
erator is symmetric,17 an observation which becomes cru-
cial in the definition of maximum dissipation.

The present article is focused on a class of materi-
als displaying only reversible strain when subjected to
thermal load/unload cycles, with the stress state lying
within the yield surface. This reversibility is typical of
single-constituent refractory materials (such as sintered
alumina19,20) and implies that a temperature variation
may produce plastic strain only if the stress state lies on
the yield surface. This behaviour is in contrast with ma-
terials (made up with various constituents of different
thermal expansion coefficients21) displaying irreversible
strains when subjected to thermal load/unload cycles at
null applied stresses, thus involving a complex coupling
between plastic strain and temperature. The purpose of the
present article is to develop the formulation of elastoplas-
tic coupling for the modelling of thermoplastic behaviour
of rock-like and refractory materials. The main complica-
tion here arises from the fact that several constitutive laws,
usually assumed to be linear, become nonlinear for high
temperature excursions and functions of both plastic strain
(which measures the damage of the material) and tem-
perature. Therefore, following [22] the formulation will
first be introduced as a direct extension of elastoplastic
coupling under isothermal conditions (Section 2.1), which
does not require the introduction of a free energy den-
sity function, and later transformed into an adiabatic form
(Section 2.2). The treatment is done in such a way that the
contributions of elastoplastic coupling and of temperature
on variation of elastic stiffness are clearly separated. This
separation is crucial to describe the sometimes contrast-
ing effects of damage (reducing the elastic stiffness) and
temperature (which, when extreme, may induce melting
and damage healing). Finally, an application is presented
to describe the sintering of a ceramic powder or refrac-
tory material in which the self-healing occurs with ex-
posure to high temperature. (Section 3). The example is
calibrated using experimental data on sintered alumina
and shows the capability of the constitutive framework for
the description of rock-likematerials at high temperature.

2. Thermoplastic constitutive equations

Two formulations are introduced for thermo-elasto-
plastic constitutive equations in which the plastic defor-
mation influences the elastic response of the material
(‘elastoplastic coupling’), with a full account of all cou-
plings related to the temperature effects. The first formu-
lation, obtained as a direct extension of the elastoplastic
coupling concept under isothermal conditions, does not re-
quire the introduction of a Helmholtz free energy density,
while the second formulation does require its introduction,
based on adiabatic quantities.

2.1. Formulation in isothermal form

The strain ϵ is additively decomposed into the elastic
(subscript ‘e’), plastic (subscript ‘p’), and thermal (subscript
‘T’) parts as

ϵ = ϵe + ϵp + ϵT , (1)

where the thermal strain ϵT can be a complicated tensorial
function of the temperature variation 1T . In the case of
isotropic response, the thermal strain is equal to

ϵT = α(T )1T I (2)

where the thermal expansion coefficient α(T ) can be con-
stant or assumed to be a function of the temperature.

The stress can be expressed as a function of the strain,
of its plastic part, and of the temperature

σ = σ

ϵ, ϵp, T


, (3)

implying a precise choice of independent variables. For
instance, the stress can be a linear relation of the elastic
strain through a fourth-order elastic tensor Ei, which may
depend on both temperature and plastic strain, namely,
Ei(ϵp, T ), so that

σ = Ei (ϵp,T )[ϵ − ϵp] +1TC(ϵp,T ). (4)

The subscript ‘(ϵp, T )’ highlights the functional depen-
dence of the quantity on the plastic strain and the tem-
perature. In Eq. (4), C is a second-order symmetric tensor,
that, in the particular case of isotropic thermal strain and
isotropic elastic bulk response, reduces to

1TC(ϵp,T ) = −Ei (ϵp,T )[ϵT ] = −3Ki (ϵp,T )α(T )1T I, (5)

where Ki (ϵp,T ) is the elastic isothermal bulk modulus,
which may be function of both the plastic strain and the
temperature, Ki(ϵp, T ).

The stress–temperature tensor is defined as

B =
∂σ(ϵ, ϵp, T )

∂T
, (6)

so that, accepting representation (4) becomes

B =
∂Ei (ϵp,T )

∂T
[ϵ − ϵp] +1T

∂C(ϵp,T )
∂T

+ C(ϵp,T ). (7)

It can be noted that, for the simplified law (5), the
derivative of C with respect to the temperature reduces to

1T
∂C(ϵp,T )
∂T

= −31T
∂Ki (ϵp,T )

∂T
α(T ) I

− 31TKi (ϵp,T )
∂α(T )

∂T
I, (8)

which, for constant α(T ), is only a measure of the
temperature variation of the elastic stiffness.

Taking the derivative of Eq. (4) with respect to the time,
and accepting elastoplastic coupling (so that the depen-
dence of Ei (ϵp,T ) on the plastic strain is not neglected), the
stress rate can be expressed as

σ̇ =
∂σ

∂ϵ
[ϵ̇] +

∂σ

∂ϵp
[ϵ̇p] + B Ṫ , (9)
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