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a b s t r a c t

The terminal velocity has been widely used in extensive fields, but the complexity of drag coefficient
expression leads to the calculation of terminal velocity in transitional flow ð1 < Re 6 1000Þ with much
more difficulty than those in laminar flow ðRe 6 1Þ and turbulent flow ðRe P 1000Þ. This paper
summarized and compared 24 drag coefficient correlations, and developed an expression for calculating
the terminal velocity in transitional flow, and also analyzed the effects of particle density and size, fluid
density and viscosity on terminal velocity. The results show that 19 of 24 previously published
correlations for drag coefficient have good prediction performance and can be used for calculating the
terminal velocity in the entire transitional flow with higher accuracy. Adapting two dimensionless
parameters (w⁄, d⁄), a proposed explicit correlation, w� ¼ �25:68654� exp � d�

77:02069

� �
þ 24:89826, is

attained in transitional flow with good performance, which is helpful in calculating the terminal velocity.
� 2015 Published by Elsevier B.V. on behalf of China University of Mining & Technology.

1. Introduction

The drag coefficient (CD) and the terminal settling velocity (vt)
of a single spherical particle in an infinite fluid are important
design parameters in extensive processes, such as minerals
separation (jig, gas–solid fluidized bed [1–3], liquid–solid fluidized
bed [4] and others), dewatering (concentrator), sediment trans-
port, and deposition in pipeline and among others. Some research
fields, chemical engineering and mechanical engineering as well as
environmental engineering, have great interest in studying the
drag coefficient and terminal velocity [5–8].

It has been long known that the drag coefficient and terminal
velocity of a particle (density, qs, and diameter, d) in the fluid (den-
sity, qf, and viscosity, l) are related to its Reynolds number (Re).
When the terminal velocity of a given particle increases, the
Reynolds number increases and the drag coefficient decreases. In
laminar flow or so-called Stokes flow with lower Reynolds number
(Re < 0.1, or up to 1), the convective forces may be neglected in the
Navier–Stokes equation, and the velocity, pressure and hydrody-
namic force are function of the relative solid–fluid velocity.
Therefore, the drag coefficient of a spherical particle can be calcu-
lated using the expression, CD ¼ 24

Re, and then the terminal velocity
can be calculated based on the force balance [9]. In turbulent flow
with higher Reynolds number (Re P 1000), eddies are fully
formed, and the form drag is the main drag force, and the drag

coefficient has a fixed value, i.e., CD = 0.44; thus, the terminal veloc-
ity in turbulent flow can be calculated [10]. However, in flow with
Reynolds number varying from 1 to 1000, although several expres-
sions are available in the literature for drag coefficient, they are not
particularly useful for rapidly determining the terminal velocity. In
addition, these correlations lack theoretical basis and are rather
complicated. Therefore, it is difficult or near impossible for an engi-
neer to calculate the terminal velocity easily.

The purpose of this study was to derive an explicit equation of
the terminal velocity of a spherical particle in transitional flow
with Reynolds number varying from 1 to 1000. Initially, the cor-
relations for drag coefficient were summarized and compared so
as to screen out the drag coefficient expressions with good predict-
ing performance. Then, the terminal velocity of a particle was cal-
culated based on those correlations using Matlab 7.0 software.
Meanwhile, these results were also compared with values calcu-
lated using some existing correlations for the terminal velocity.
Lastly, an explicit expression for predicting the terminal velocity
in transitional flow was developed and simulated.

2. Comparison of drag coefficient correlations in transitional
flow

Many researchers have proposed numerous correlations for
determining drag coefficient (CD) which is a function of the
Reynolds number (Re). Many CD–Re formulas are summarized, as
shown in Table 1, together with the range of applicability
published by the authors.
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Table 1
Previous formula for the drag coefficient and terminal velocity applicable for transitional flow.

Eq. no. Investigator CD–Re relationship w⁄–d⁄ relationship Re range

Eq. (1) Clift et al. [11]

CD ¼

24
Reþ 3

16
24
Re

� �
ð1þ 0:1315Re0:82�0:05 log ReÞ

24
Re

� �
ð1þ 0:1935Re0:6305Þ

101:6435�1:1242 log Reþ0:1558ðlog ReÞ2

10�2:4571þ2:5558 log Re�0:9295ðlog ReÞ2þ0:1049ðlog ReÞ3

10�1:9181þ0:637 log Re�0:0636ðlog ReÞ2

10�4:339þ1:5809 log Re�0:1546ðlog ReÞ2

29:78� 5:3 log Re
0:1 log Re� 0:49
0:19� 8� 104=Re

8>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>:

Re 6 0:1
0:01 < Re 6 20
20 < Re 6 260
260 < Re 6 1500
1500 < Re 6 1:2� 104

1:2� 104 < Re 6 4:4� 104

4:4� 104 < Re 6 3:38� 105

3:38� 105 < Re 6 4� 105

4� 105 < Re 6 106

106 < Re

Eq. (2) Rubey [10] CD ¼ 24=Reþ 2
Eq. (3) Engelund and Hansen [10] CD ¼ 24=Reþ 1:5
Eq. (4) Yen [10] CD ¼ 24

Re ð1þ 0:15Re0:5 þ 0:017ReÞ � 0:208
1þ10000Re�0:5

Eq. (5) Brown and Lawler [12] CD ¼ 24
Re ð1þ 0:15Re0:681Þ � 0:407

1þ8710Re�1
w� ¼ 18

d�2

� �0:898ð0:936d�þ1
d�þ1

Þ
þ 0:317

d�

� �0:449
� ��1:114 Re < 2� 105

Eq. (6) Clift and Gauvin [11] CD ¼ 24
Re ð1þ 0:15Re0:687Þ � 0:42

1þ42500Re�1:16

Eq. (7) Turton and Levenspiel [13] CD ¼ 24
Re ð1þ 0:15Re0:657Þ � 0:413

1þ16300Re�1:09 Re < 2� 105

Eq. (8) Cheng [14] CD ¼ 24
Re ð1þ 0:27Re0:43Þ þ 0:47½1� expð�0:04Re0:38Þ� w� ¼ 4d�

3

� �0:5
f432ðd�Þ�3ð1þ 0:022d�Þ0:54

þ0:47½1� expð�0:15ðd�Þ0:45Þ�g�0:5

2� 10�3 < Re < 2� 105

Eq. (9) Torobin et al. [15] CD ¼ 24
Re ð1þ 0:197Re0:63 þ 0:0026Re1:38Þ 0:1 < Re < 1000

Eq. (10) Haider and Levenspiel [16] CD ¼ 24
Re ð1þ 0:1806Re0:6459Þ þ 0:4251

1þ6880:95=Re

Eq. (11) Fair and Geyer [17] CD ¼ 24
Re þ 3ffiffiffiffi

Re
p þ 0:34 Re < 10000

Eq. (12) Massey [18] CD ¼ 24
Re ð1þ 3

16 ReÞ0:5 Re < 100

Eq. (13) Schiller and Naumann [19] CD ¼ 24
Re þ 3:6

Re0:313
0:1 < Re < 1000

Eq. (14) Flemmer and Banks [20]
CD ¼ 24

Re � 10
0:261Re0:369�0:105Re0:431� 0:124

1þðlog ReÞ2 Re < 3� 105

Eq. (15) Perry and Chilton [21] CD ¼ 18:5
Re0:6

0:3 < Re < 1000

Eq. (16) Khan and Richardson [22] CD ¼ ð2:25Re�0:31 þ 0:36Re0:06Þ3:45
w� ¼ ð2:33d�0:054�1:53d��0:048Þ

13:3

d�
0:01 < Re < 3� 105

Eq. (17) Concha and Almendra [23] CD ¼ 0:28ð1þ 9:06
Re0:5Þ

2 Re < 150

Eq. (18) Brauer and Sucker [24] CD ¼ 0:49þ 24
Reþ 3:73

Re0:5 � 4:83�10�3Re0:5

1þ3:0�10�6Re1:5

Eq. (19) Concha and Barrientos [25] CD ¼ 0:284153ð1þ 9:04Re�0:5Þ2 � ð0:9620883þ 2:736461� 10�5Re

�3:938611� 10�10Re2 þ 2:476861� 10�15Re3 � 7:159345� 10�21Re4

þ7:437237� 10�27Re5Þ

Re < 3� 105

Eq. (20) Hesketh et al. [26] CD ¼ ½0:352þ ð0:124þ 24=ReÞ0:5�
2 Re < 2� 105

Eq. (21) Al-Salim and Geldart [27]
576
Re2 ¼ 3:318�105

ðCD Re2Þ2
þ 2:954�104

ðCD Re2Þ1:5928 þ 9:479�1011

ðCD Re2Þ4:1949 þ 8:440�1010

ðCD Re2Þ3:7877

� �0:313

Eq. (22) Ceylan et al. [28] CD ¼ 1� 0:5e0:182 þ 10:11Re�2=3e0:952Re�0:25 � 0:03859Re�4=3e�1:3Re�0:5

þ0:037� 10�4Ree�0:125�10�4Re � 0:116� 10�10Re2e�0:444�10�5 Re

0:1 < Re < 106

Eq. (23) Mikhailov and Silva Freire [7] CD ¼ 3808ðð1617933=2030Þþð178861=1063ÞReþð1219=1084ÞRe2Þ
681Reðð77531=422Þþð13529=976ÞRe�ð1=71154ÞRe2Þ

0:1 < Re < 105

Eq. (24) Almedeij [8]
CD ¼ 1

ðw1þw2Þ�1þw�1
3
þ w4

� �0:1

w1 ¼ ð24=ReÞ10 þ ð21=Re0:67Þ10 þ ð4=Re0:33Þ10 þ 0:410

w2 ¼ 1=½ð0:148Re0:11Þ�10 þ 0:5�10�
w3 ¼ ð1:57� 108=Re1:625Þ

10

w4 ¼ 1=½ð6� 10�17Re2:63Þ
�10
þ 0:2�10�

w� ¼ 1

ððu�1
1 þu�1

2 Þ
�1þu�1

3 Þ
�1
þu�1

4

" #0:1

u1 ¼ 1=½ð0:055d�2Þ
�10
þ ð0:126d�1:256Þ

�10
þ ð0:518d�0:8Þ

�10
þ ð1:826d�0:5Þ

�10
�

u2 ¼ ð2:834d�0:422Þ
10
þ ð1:633d�0:5Þ

10
;

u3 ¼ ð3� 10�22d�7Þ
10
;

u4 ¼ ð3393d��0:352Þ
10
þ ð2:582d�0:5Þ

10

Re < 106
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