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Many authors have observed experimentally that the macroscopic yield surface changes substantially its
shape during plastic flow, specially in metals which suffer significant work hardening. The evolution is fre-
quently characterized by a corner effect in the stress direction of loading, and a flatter shape in the opposite
direction. In order to incorporate this effect many constitutive models for yield surface evolution have been
proposed in the literature. In this work we perform some numerical predictions for experiments similar to the
ones performed in the literature using a multilayer kinematic hardening model which employs the associa-
tive Prager’s translation rule. Using this model we prescribe offsets of probing plastic strain, so apparent yield
surfaces can be determined in a similar way as it is performed in the actual experiments. We show that similar
shapes to those reported in experiments are obtained. From the simulations we can conclude that a relevant

part of the apparent yield surface evolution may be related to the anisotropic kinematic hardening field.

© 2015 Elsevier Ltd. All rights reserved.

1. Introduction

Classical phenomenological theories of plasticity for metals are
based on the existence of an elastic domain characterized by a yield
surface. For polycrystal isotropic metals, the Maxwell-von Mises
yield criterion has been verified by a number of authors, starting
with the tension-torsion experiments of Taylor and Quinney (1932).
This yield surface is a circle in the (6 — +/37) tension stress o -torsion
stress T plane and in the deviatoric stress “x” plane. However, for
at least some hardening materials, upon plastic straining in one di-
rection the measured yield surface not only translates due to kine-
matic hardening, but also changes its shape. This change of shape has
been observed by many authors in different metals, see Theocaris and
Hazell (1965), Kuwabara et al. (2000), Ishikawa (1997), Ishikawa and
Sasaki (1989), Khan et al. (2009), 2010a), 2010b); Hu et al. (2015);
2014), Wu and Yeh (1991), Wu (2003), Sung et al. (2011), Kim et al.
(2009), Rousset (1985), Rousset and Marquis (1985), Benallal and
Marquis (1987), among others. As observed in these experiments, the
actual shape of the measured yield surface depends on several fac-
tors as the material itself, the amount of prestress, and the perma-
nent plastic strain (probing strain) after which the onset of plasticity
(i.e. the limit of the elastic domain) is established. The relevance of
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this change of shape is unquestionable because it largely affects non-
proportional loading and the springback behavior.

Many experiments show similar conclusions on the evolution of
the measured shape of the yield surface. Upon prestressing in one di-
rection in the ¢ — /37 (axial-torsion) plane, the yield surface shows
a “nose” in that direction and an almost flat line in the opposite di-
rection (Khan et al., 2009, 2010a, 2010b; Hu et al., 2014, 2015, Wu and
Yeh, 1991; Rousset, 1985; Rousset and Marquis, 1985; Benallal and
Marquis, 1987), resulting in an often named “egg” effect (Lemaitre
and Desmorat, 2005). This nose (and the opposite flat part) changes
according to new substantial prestressing. Some experiments have
also observed that in the direction perpendicular to the prestress-
ing one (in the axial-torsion plane) the measured elastic domain be-
comes wider than in the direction of pre-loading (Ishikawa, 1997;
Ishikawa and Sasaki, 1989; Khan et al., 2009, 2010a, 2010b; Hu et al.,
2014, 2015; Wu and Yeh, 1991; Rousset, 1985; Rousset and Marquis,
1985; Benallal and Marquis, 1987). Furthermore, although it is rarely
accentuated (usually neglected) some experiments also show sym-
metric slightly concave parts in the surface behind the nose, an effect
clearly seen in the experimental data of Wu and Yeh (1991) and also
present in some of the tests of Khan et al. (2009, 2010a, 2010b).

Because of the major importance of all these effects, many ma-
terial models have been proposed or extended in order to account
for the shape evolution of the yield surface. Some of the models
are phenomenological (Helling and Miller, 1987, 1988; Kurtyka and
Zyczkowski, 1996; Voyiadjis and Foroozesh, 1990; Francois, 2001;
Liu et al., 2011; Wu and Hong, 2011; Lee et al., 2012; Radi and
Abdul-Latif, 2012; Barlat et al., 2013; Shi et al. (2014)) and some of
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them micromechanically-based or motivated (Zattarin et al., 2004;
Kabirian and Khan, 2015; Yoshida et al., 2014; Hu et al.,, 2015).
These models are substantially more complex than traditional mod-
els (Lemaitre and Desmorat, 2005) and despite of their complexity,
they are usually not able to capture some details. Probably a recent
crystal plasticity model is the first one to capture small concavities
sometimes present in experiments (Hu et al., 2015).

The purpose of this paper is to perform some predictions of exper-
iments to detect apparent yield surfaces employing a special multilin-
ear (or multilayer) nested yield surfaces model. The model is based on
the original ideas of Iwan (1967) and Mroz (1969), Montans (2000) of
employing several nested yield surfaces that discretize the uniaxial
stress—strain curve. The procedure does not require any parameter-
fitting procedure; the prescribed stress-strain data are exactly cap-
tured in the uniaxial case in a similar way as in our hyperelastic
(Latorre and Montans, 2013; Latorre and Montans, 2014b) and dam-
age models (Mifiano and Montans, 2015). From a theoretical stand-
point, there is a clear and remarkable difference of our model with
the Mroz proposal. In our case the outer surfaces are not yield sur-
faces, but only hardening surfaces; i.e. they are simply a tool to com-
pute the effective anisotropic hardening modulus. The actual yield
surface is always the innermost one. The plastic strains are always
normal to that yield surface and the hardening direction of the yield
surface follows Prager’s associative hardening rule. From a computa-
tional standpoint, whereas for the Mroz model there are some rele-
vant restrictions when formulating a fully implicit closest point pro-
jection algorithm (Montans, 2000; Caminero and Montans, 2006;
Montans and Caminero, 2007), in the case of Prager’s rule a clos-
est point projection algorithm is possible without restriction, and
this algorithm reduces to the solution of a nonlinear scalar func-
tion (Montans, 2001; Montans, 2004). Furthermore, it is remarkable
that in the case of linear kinematic hardening, the model exactly re-
duces to classical ],-plasticity regardless of the number of surfaces
employed (Montans and Caminero, 2007) not only from a theoretical
but also from a computational point of view (i.e. the global iterations
are the same up to round-off errors).

Therefore, during the predictions given below, we note that the
actual (analytical) yield surface is always the same, i.e. the innermost
von Mises surface. Both the plastic flow and the hardening (i.e. trans-
lation of the yield surface) follows associative rules. The stress-driven
simulations have been performed using a fully implicit algorithm
with very small steps and a restrictive tolerance. However, we show
that employing the typical probing plastic strains and directions we
observe apparent (measured) yield surfaces with similar characteris-
tics as those observed in experiments; i.e. a “nose” in the preloading
direction, a more flat surface in the opposite direction, a relatively
wider “elastic” domain in a direction perpendicular to the preloading
direction and even small concave zones behind the nose.

It is obvious that yield surface evolution may be due to many dif-
ferent aspects as isotropic hardening, texture evolution (Caminero
etal., 2011; Montans et al., 2012), ratcheting (Lemaitre and Chaboche,
1994), etc. Viscous effects and yield stress relaxation may also have an
important impact on the observed yield surfaces. However, we will
not include these effects, but only anisotropic kinematic hardening.
The purpose of this work is to show that a relevant part of the obser-
vations in the experiments may be attributed to (and hence modeled
by) anisotropic kinematic hardening developed during preloading.

2. Summary of the model

The main objective of the model is to account for multiaxial non-
linear anisotropic kinematic hardening during nonproportional load-
ing. In order to meet this goal, several nested (initially concentric)
surfaces are employed. The innermost one is the yield surface, the
boundary of the elastic domain, taken as the von Mises one
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Fig. 1. Geometric relations of the model in the deviatoric plane. Left: stress tensor a4,
flow direction fi, hardening surfaces f;, contact points and translation directions ;.
Right: equivalent surfaces f;.

where o4 is the deviatoric stress tensor, o; is the backstress tensor,
||-|| is the Euclidean norm and r; = \/ﬁay is the radius of the yield
surface for the corresponding yield stress oy (Fig. 1) . We apply the
principle of maximum dissipation and assume associativity of both
the plastic flow and of the hardening, i.e.
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where &P” is the plastic strain rate and @ is the rate of the backstress,
which translates according to the associative Prager’s rule. The mul-
tipliers y and
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are computed from the hardening pattern and the consistency con-
dition. Let H be the effective hardening modulus. Then we have the
usual relation
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and Prager’s rule results in
2.
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From the constitutive equation for the deviatoric stress rate, using
Eq.(2)
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where & are the deviatoric strain rates and /4 is the shear modulus.
The consistency conditions are
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Using d f; /00 = —0 f;/0a; = i, we readily obtain the consistency pa-
rameter
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The elastoplastic tangent moduli C¢P relate stress rates ¢ with to-
tal strain rates & by ¢ = C°P : ¢. These moduli are obtained from the
same classical expression employing Eq. (8) in the constitutive equa-
tion of the deviatoric stress rates o
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