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a b s t r a c t

It is well known that instrumented indentation tests are useful tools in probing mechanical properties of
materials such as metals and ceramics. Instrumented indentation of hyperelastic materials such as rub-
bers, bio-materials, tissues etc has not been examined in depth, especially the inverse problem of mate-
rial characterization from instrumented indentation response. The difficulty of the inverse problem for
such materials is that the unknown property is a function, the elastic energy density function. There
are several such functions and each function is often characterized by more than one parameter. If the
maximum indentation depth is low, we have shown that instrumented indentation of initially
unstretched hyperelastic materials can only resolve a combination of the material parameters. If the
maximum indentation depth is high, the indentation can provide independent material properties, how-
ever not in a unique way. Moreover, high indentation loads could lead to surface puncturing and so blur
the test results. In this work, we show that we can use spherical indentation of a substrate at different but
known prestretch levels to obtain the involved material properties of the energy density function. The
present methodology can also incorporate a limit energy failure criterion and instrumented indentation
can incorporate this behavior which we may call indentation strength.

� 2015 Elsevier Ltd. All rights reserved.

1. Introduction

In recent years, instrumented indentation has been used to esti-
mate residual stresses and residual strains of elastoplastic materi-
als. Important analysis has been conducted for equal-biaxial stress
fields in the context of sharp indentation tests (see for example
Bolshakov et al. (1996), Suresh and Giannakopoulos (1998)) and
for general biaxial stress fields (see for example Giannakopoulos
(2003), Lee and Kwon (2004), Bocciarelli and Maier (2007),
Larsson and Blanchard (2012)). Important studies were also con-
ducted for the influence of residual stresses to spherical indenta-
tion (see for example Swadener et al. (2001) and Huber and
Heerens (2008)). We should point out that this prior work is
focused on how to obtain residual stresses and strains from instru-
mented indentation. The present work suggests a reverse metho-
dology: obtaining material properties with the help of residual
strains. Although we will concentrate mainly on hyperelastic
materials, the present ideas could be useful for the elastoplastic

materials, breaking the often encountered ‘‘lack of uniqueness’’ of
elastoplastic material constants (see for example Chen et al., 2007).

Non linear finite element analysis was applied by Chang and
Sun (1991) to (frictionless) spherical indentation of an Ogden type
hyperelastic half-space. The general form of the Ogden’s strain
energy function is

Wðk1; k2; k3Þ ¼
Xm

k¼1

lk kak
1 þ kak

2 þ kak
3 � 3

� �
=ak ð1Þ

where ki ði ¼ 1;2;3Þ define the principal values of the stretch tensor
and lk, ak are material constants. In the case of infinitesimal strains,
the Ogden material behaves as an incompressible linear material
with shear modulus G (and elastic modulus E)

G ¼ 1
2

Xm

k¼1

lkak ¼
E
3

ð2Þ

The neo Hookean material model is a special case of one-term
Ogden model ðm ¼ 1; a1 ¼ 2Þ. The Mooney–Rivlin material is a
two-term Ogden model ðm ¼ 2; ak ¼ �2;lk ¼ �Ck; k ¼ 1;2Þ.
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Chang and Sun (1991) found that for a ratio of indentation
depth/ball radius (h=R) up to 0.29, the load-indentation (P � h)
depth relation is approximated well by the classic Hertz solution:

h ¼ 9
16

P2

E2R

 !1=3

ð3Þ

This P � h result was found to be independent of other material
parameters. Similar results have been found for the case of a flat
punch and the cone punch for an extensive variety of strain energy
functions (Giannakopoulos and Panagiotopoulos (2009), Zisis et al.
(2011)). It is of interest to note that this lack of uniqueness of the
P � h curve has been also observed in the analysis of elastoplastic
indentation by sharp indentors. In a most recent and extensive
work on this subject, Chen et al. (2007) came up with a whole class
of elastoplastic materials that show the same P � h curves.

Spherical indentation of soft matter, beyond the Hertzian
regime has been investigated numerically using hyperelastic mod-
els by Lin et al. (2009). They found that Hertz solution applies for
h=R < 0:2, with the relation between the contact radius a, the ball
radius R and the indentation depth h as

h ¼ a2=R ð4Þ

For h=R > 0:2, their results do not follow Hertz solution. In the
context of linear elasticity, the solution of Ting (1966) which takes
into account the exact spherical geometry gives:

h ¼ 1
2

a ln
Rþ a
R� a

ð5Þ

P
2G
¼ ðR2 þ a2Þ ln Rþ a

R� a
� 2aR ð6Þ

Clearly the above results approach Hertz solution for h=R� 1.
However, finite element results performed by Lin and Chen
(2006) for neo-Hookean material indicate that Ting’s solution over-
estimates the actual load and displacement and the absolute error
of Ting’s solution is larger than that of the Hertz theory.

Green et al. (1952) have investigated the flat punch problem of
an initially isotropic hyperelastic substance under equal-biaxial
finite deformation. Woo and Shield (1962) investigated the
semi-infinite media in biaxial extension with a superposed force
normal to the boundary, using the methodology and the results
of Harding and Sneddon (1945) and Elliot (1948). Equibiaxially
stressed neo-Hookean half-space indented by a punch of arbitrary
axisymmetric profile has been investigated by Dhaliwal et al.
(1980) and for general hyperelastic (isotropic) bodies by Beatty
and Usmani (1975).

Karduna et al. (1997) performed finite element analysis of a
Mooney–Rivlin type of rubber under equal-biaxial stretching and
confirmed the theoretical predictions of Humphrey et al. (1991).
This approach has been used to investigate the constitutive behav-
ior of living cells with atomic force microscopy, Na et al. (2004).

Dhaliwal and Singh (1978) presented analytical expressions of
the incremental stress and displacement fields for the axisym-
metrical indentation of initially stressed, in incompressible neo-
Hookean solids, using the incremental theory of Biot (1965) and
the potential theory. The results can be extended for the indenta-
tion by any smooth axisymmetric indenter, as verified by Yang
(2004). The h� a relation is given by the linear elastic solution
and the P � h relation admits an overall correction that depends
on the amount of the initial biaxial stretch kr . For a neo-Hookean
material, the finite tensile stretching makes it harder to deform
under indentation.

The frictionless adhesion problem for a neo-Hookean material
has been investigated numerically by Lin and Chen (2006) and they

found that for h=R < 0:5, the classic solution of Johnson et al.
(1971) holds well (the well known JKR model). The effect of finite
stretching on adhesive contact between an axisymmetric indenter
and a neo-Hookean solid with frictionless contact conditions was
investigated by Yang (2011). It was found that the stretching has
little effect on the surface interaction of solid surfaces while it
changes the adhesive contact between the indenter and the sur-
face. For neo-Hookean solid indented by a spherical indenter, the
pull-off force (at h ¼ 0) is independent of the stretching as
Johnson et al. (1971) predict. For this case, if c is the interfacial
energy density, Yang (2011) reports the results
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where kr is the initial biaxial stretch.
Of particular importance is the indentation of a thin layer of

hyperelastic material that rests on a rigid substance under com-
plete bonded or sliding condition. Such configurations are often
encountered in actual testing conditions and the thickness t of
the layer, as well as the bonding condition should be taken under
considerations.

Regarding spherical indentation of a linear, isotropic and
incompressible elastic material, Dimitriadis et al. (2002) provided
an approximation where the Hertz solution should be modified
by replacing the indentation depth with an equivalent indentation
depth ht according to:
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where the actual contact area is at ¼
ffiffiffiffiffiffiffi
Rht

p
(the load P is kept the

same with that of t !1).
The axisymmetric contact for an initially (equal-biaxial)

stressed neo-Hookean elastic layers has been investigated by
Dhaliwal et al. (1980), who presented numerical results for the flat
punch and cone indenters that punch a bonded layer on a rigid
substrate. Chen and Diebels (2012) indicate that the Hertz solution
dominates for ht=t < 0:05.

It is clear that extracting hyperelastic material properties from
indentation tests is very complex. It fails to provide reliable and
unique results, unless for high indentation depths. However, high
indentation depth can cause damage of the material, especially
for soft tissues (e.g. abdominal aortic aneurysms). In this work
we will explore the indentation method in combination with
pretressing, in order to extract hyperelastic material properties.
Moreover, we will investigate the effect of substrate thickness,
since most tests take place on thin specimens laying on rigid
substrates. Finally we will include a local failure criterion in
the form of a critical strain energy, as initially suggested by
Volokh (2007).
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