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a b s t r a c t

A stochastic multiscale computational model for predicting the mechanical properties of fiber reinforced
concrete (FRC), subjected to tensile loading, is proposed. It involves the microscale, the mesoscale and the
macroscale. On the mesoscale, the heterogeneity of the material is taken into account by a periodic layout
of unit cells of matrix–fiber materials, consisting of short fibers and mortar. Material modeling on the
microscale is characterized by a periodic layout of unit cells of matrix-aggregate composite materials,
consisting of randomly distributed fine aggregate grains and cement matrix. A new unified micro–
meso–macro homogenization procedure, based on two-scale asymptotic expressions, has been estab-
lished. It is used for deriving formulae for multiscale analysis of FRC. The numerical results for the elastic
modulus of FRC are compared with experimental results. The comparison shows that the proposed
stochastic multiscale computational method is useful for determination of this mechanical property.
The developed model is also applied to investigating the influence of different fiber materials on the
elastic modulus, and Poisson’s ratio of FRC.

� 2014 Elsevier Ltd. All rights reserved.

1. Introduction

Fiber reinforced concrete (FRC) is a relatively novel cementi-
tious composite with fine grained concrete as the matrix and fibers
as the reinforcement (Hannant, 1978; Bentur and Mindess, 1990;
Brandt, 2008). For an assessment of the failure risk of civil
engineering structures, it is important to predict the mechanical
behavior and durability performance of FRC. Most existing macro
models are phenomenological. They are essentially insufficient
for assessing the mechanical performance of FRC on the basis of
the underlying mechanical properties at different observation
levels, because these properties are closely related to the
compositions of the matrix and the reinforcement. Thus, micro–
meso–macro coupled analysis is necessary to adequately describe
the mechanical behavior of FRC.

Because of the excellent mechanical properties of FRC, numer-
ous physical experimental studies on modifications of the material
structure of traditional concrete were reported in the literature.

Hannant (1978) has provided a comprehensive treatment, covering
the basic theory, the properties, production, and application of a
wide range of fiber cements and concretes, such as steel fibers,
polypropylene fibers, and glass fibers in cement and in concrete.
Recently, FRC with hybrid combinations of steel and non-metallic
(polyester, polypropylene, and glass) fibers were investigated by
Sivakumar and Santhanam (2007) in order to quantify the influ-
ence of these combinations on plastic shrinkage cracking. Further
reviews and descriptions of scientific progress can be found in
Swamy and Barr (1989), Zollo (1997) and Harle (2014). Notwith-
standing the wide use of FRC, adequate multiscale models of
mechanical properties of FRC are still lacking.

Progress in computer technology has rendered the analysis of
the microscopic mechanical behavior numerically feasible. Direct
numerical modeling of large-scale structures by means of micro-
mechanical analysis would, however, be prohibitive because of
extensive computational costs. Because of the great difference in
scale of macroscopic structures and inhomogeneous microstruc-
tures of materials, homogenization techniques for treatment of
micro–macro coupling are becoming indispensable for under-
standing the influence of micromechanics on the mechanical
behavior of composite materials.
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The underlying theory of such techniques is documented in
papers published in the 1970s and in the early 1980s, for instance,
in works by Bensoussan et al. (1978), Oleinik et al. (1992), Sanchez-
Palencia (1980), Bakhvalov and Panasenko (1984), and in several
papers written by applied mathematicians. Practical applications
of such techniques to the analysis of composite materials have
been reported in the literature. Multiscale analysis of linear elastic
reinforced composites by this method have been conducted by
Guedes and Kikuchi (1990), Fish and Wagiman (1993), Fish and
Belsky (1995), Ghosh et al. (1995). For nonlinear materials, homog-
enization methods have been extended by Suquet (1985), Fish
et al. (1997), Guedes and Kikuchi (1990) and Chung et al. (2004).
Such methods have also been applied to the solution of thermal
problems (Kamiński, 2003; Zhang et al., 2005; Yu et al., 2009),
thermo-mechanical problems (Yu and Fish, 2002; Han et al.,
2010; Terada et al., 2010), and damage problems (Devries et al.,
1989; Lee et al., 1999; Fish et al., 1999; Ghosh et al., 2001). Rela-
tively few attempts concerning the development of multiscale
models for concrete have been reported in the literature. Hain
and Wriggers (2008) have applied a homogenization technique to
the elastic response of concrete, Cusatis and Cedolin (2007) have
derived an equivalent macroscopic cohesive crack law from the
meso-level response, using such a technique. Fracture at the meso-
scale has been modeled by a lattice model. Following the same line,
Grassl and Jirásek (2010) have analyzed the fracture process of
concrete subjected to uniaxial tension. Cui et al. (2009) presented
a two-scale analysis method for prediction of the strength param-
eters of concrete materials with a periodic configuration. From
these works it may be concluded that homogenization techniques
allow sufficiently accurate predictions of effective mechanical
properties of arbitrarily complex microstructures. Moreover, such
techniques permit calculation of the stresses at the microscopic
scale.

The objective of this paper is to determine elastic modulus and
Poisson’s ratio of FRC, where glass, carbon, and polymers are cur-
rently favored as fiber materials. From the viewpoint of materials
with inhomogeneities, on the mesoscale, FRC consists of a periodic
layout of matrix–fiber unit cells, comprising short fibers and the
mortar as the matrix. On the microscale, the material consists of
a periodic layout of mortar unit cells which are composed of ran-
domly distributed fine aggregate grains and of the cement paste
as the matrix. For composite materials with randomly distributed

fibers, Li and Cui (2005) developed a statistical second-order
two-scale analysis method by introducing a random sample model
to predict physical and mechanical properties of random compos-
ites. The algorithm for generation of the random unit cell was
developed by Yu et al. (2008). It is based on a model for the prob-
ability distribution of the aggregates. Furthermore, this analysis
method can capture the mechanical characteristics inside the
material (He et al., 2012). A substantial loss of data is avoided if
the sample of the unit cell can be generated such that the statistical
fluctuations on the level of the unit cell are reflected.

In this paper, a novel multiscale computational model for eval-
uation of the mechanical properties of fiber-reinforced concrete is
proposed. The aim of this work is to provide higher accuracy with
less effort and computational cost than with conventional meth-
ods. A two-step homogenization technique is the key point of this
research. This technique comprises a mortar composite and a
matrix–fiber composite where the matrix properties follow from
the first homogenization step. The multiscale problem is solved
by micro–meso–macro modeling and by homogenization proce-
dure proposed in this paper.

The paper is organized as follows. In Section 2, the mesoscale
and the microscale representation of FRC are described. Section 3
is devoted to the multiscale formulation for prediction of the
mechanical properties of FRC. In Section 4, the algorithm for mul-
tiscale computation of FRC is presented. In Sections 5 and 6,
numerical results for the mechanical parameters of FRC, obtained
by the proposed multiscale analysis, are given.

2. Multiscale representation of FRC

A multiscale representation of FRC, as shown in Fig. 1, is pro-
posed. Since characterization of FRC requires scale transitions
between more than two scales, different unit cells must be defined.
FRC can be modeled by means of three different length scales lj

(j = 0, 1, 2). Herein, two unit cells are introduced: the microscale
unit cell Z with a characteristic length l2 of 1–5 cm, which repre-
sents the mortar. It consists of two material phases, with d2 rang-
ing from 0.5 to 5 mm: the fine aggregate grains and the cement
paste. In a highly disordered arrangement, fine aggregate grains
are embedded in the cement paste, building up the isotropic mor-
tar phase on the mesoscale. In this research, the fine aggregate

Nomenclature

X macro domain
Y mesoscale unit cell
Z microscale unit cell
lj (j = 0, 1, 2) characteristic length of macro domain X, mesoscale

unit cell, and microscale unit cell
dj (j = 1, 2) characteristic length of heterogeneities (material

phases of the mesoscale and the microscale)
y0

1; y0
2; y0

3 central coordinates of the ellipsoid (fiber)
z0

1; z0
2; z0

3 central coordinates of the sphere (fine aggregate)
ry radius of the ellipsoid
rz radius of the sphere
L length of the ellipsoid
a� elasticity tensor with �-periodicity
aH1 homogenized elasticity tensor for a sample at the

mesoscale
aH homogenized elasticity tensor for a sample at the

macroscale
âH elasticity tensor of the homogenized FRC
u� displacement vector

f body force vector
�p surface load vector
N(y) first characteristic matrix
M(y) second characteristic matrix
Q number of samples
� basic scale factor
�1 scale factor at the mesoscale
�2 scale factor at the microscale
x x ¼ fx1 : y 2 Y ; x2 : z 2 Zg
x1 probability distribution of the fibers in the unit cell

at the microscale
x2 probability distribution of the fibers in the unit cell

at the mesoscale
h; /; w Euler angles of the ellipsoid
mj (j = 1, 2, 3) direction cosines of the outward unit normal to Cp

Cu displacement boundary of macro domain X
Cp force boundary of macro domain X
d Kronecker delta
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