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a b s t r a c t

This work develops a series of Green’s functions for multi-phase Kirchhoff isotropic laminated plates.
First, we derive the Green’s functions for a composite laminated plate composed of two bonded dissimilar
isotropic laminated semi-infinite plates. Second, the obtained results for bimaterials are judiciously
applied to obtain the Green’s function solution for a circular elastic inclusion embedded in an infinite
isotropic laminated plate. Third, Green’s functions for a composite space composed of an arbitrary
number of wedges of different isotropic laminated plates are derived. Finally, we derive Green’s functions
for a laminated plate with an elliptical and a parabolic boundary, respectively.

� 2014 Elsevier Ltd. All rights reserved.

1. Introduction

The Green’s function solutions are essential in the development
of the theory of elasticity. They can be employed to study Eshelby’s
inclusion problems (Eshelby, 1957; Seo and Mura, 1979; Chiu,
1980; Gharpuray et al., 1991; Wu and Du, 1995; Rodin, 1996;
Nozaki and Taya, 1997; Beom and Earmme, 1999; Beom and
Kim, 1999; Xu and Wang, 2005; Zou et al., 2010) and to investigate
crack problems (Erdogan et al., 1974; Erdogan and Gupta, 1975;
Patton and Santare, 1990; Anlas and Santare, 1993; Wang and
Hasebe, 2000), anticrack problems (Dundurs and Markenscoff,
1989; Markenscoff et al., 1994) and debonded anticrack problems
(Markenscoff and Ni, 1996).

The Green’s function solutions for isotropic laminated plates
have rarely been addressed except the early result by Beom and
Earmme (1998). Very recently, the present authors (Wang and
Zhou, 2014a) derived Green’s function solutions for an infinite
and a semi-infinite Kirchhoff isotropic laminated plate subjected
to concentrated forces, concentrated moments, discontinuous dis-
placements and slopes by using an elegant complex variable for-
mulation for isotropic laminated plates (Beom and Earmme,
1998; Wang and Zhou, 2014b).

This study aims to derive Green’s function solutions for multi-
phase Kirchhoff isotropic laminated plates. More specifically, we
will derive: (i) Green’s functions for a bimaterial composed of
two bonded dissimilar isotropic laminated semi-infinite plates;

(ii) Green’s functions for a circular elastic inclusion embedded in
an infinite isotropic laminated plate; (iii) Green’s functions for a
composite space composed of an arbitrary number of wedges of
different isotropic laminated plates; (iv) Green’s functions for an
isotropic laminated plate containing an elliptical hole or elliptical
rigid inclusion; (v) Green’s functions for an isotropic laminated
plate with a parabolic boundary.

The obtained Green’s functions can be used to formulate bound-
ary integral method to solve general laminar plate problems. More-
over, the Green’s functions can be used to derive the Eshebly
tensors for homogenization of heterogeneous laminar plates,
which have been done only for classical thin plates and Mindlin
plates (see for example, Li, 2000a,b). It is expected that the
obtained analytical results can also find potential applications in
modern heterogeneous membranes (Mohammadi et al., 2014).
In fact, Mohammadi et al. (2014) only addressed a simpler case
in which the out-of-plane deformation is decoupled from the
in-plane behavior.

2. Complex variable formulation

Consider a plate of uniform thickness h composed of isotropic
linear elastic material that can be inhomogeneous and laminated
in the thickness direction. The main plane of the plate before defor-
mation is located at x3 ¼ 0 in a Cartesian coordinate system
fxigði ¼ 1;2;3Þ, which is chosen such that the two in-plane dis-
placements ua and the out-of-plane deflection w on the main plane
are decoupled in the equilibrium equations (Beom and Earmme,
1998). This makes it possible to uniquely determine the distance
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h0 between the main plane and the lower surface of the plate
(Beom and Earmme, 1998). It is noted that the Greek indices range
from 1 to 2 hereafter.

The membrane stress resultants Nab ¼ Qrab, bending moments
Mab ¼ Qx3rab with rab being the in-plane stresses and

Qð� � �Þ ¼
R h�h0
�h0
ð� � �Þdx3, transverse shearing forces Rb ¼ Mab;a, in-

plane displacements, out-of-plane deflection and slopes
#a ¼ �w;a on the main plane of the plate, and the four stress func-
tions ua and ga can be expressed by four complex potentials /ðzÞ,
wðzÞ, UðzÞ and WðzÞ with z ¼ x1 þ ix2 ¼ reih as follows (Beom and
Earmme, 1998; Cheng and Reddy, 2002; Wang and Zhou, 2014b):

N11þN22¼4Re /0ðzÞþBU0ðzÞ
� �

;

N22�N11þ2iN12¼2 �z/00ðzÞþw0ðzÞþB�zU00ðzÞþBW0ðzÞ
� �

;

M11þM22¼4D 1þmD
� �

Re U0ðzÞ
� �

þ
B jA�1
� �

l
Re /0ðzÞf g;

M22�M11þ2iM12¼�2D 1�mD
� �

�zU00ðzÞþW0ðzÞ
� �

�B
l

�z/00ðzÞþw0ðzÞ½ �;

R1� iR2¼4DU00ðzÞþ
B jAþ1
� �

2l /00ðzÞ;

ð1Þ

2lðu1þ iu2Þ¼jA/ðzÞ� z/0ðzÞ�wðzÞ;
#1þ i#2 ¼UðzÞþ zU0ðzÞþWðzÞ;w¼�Ref�zUðzÞþvðzÞg;

/1þ i/2 ¼ i /ðzÞþ z/0ðzÞþwðzÞ
h i

þ iB UðzÞþ zU0ðzÞþWðzÞ
h i

;

g1þ ig2 ¼ iD 1�mD
� �

jDUðzÞ�zU0ðzÞ�WðzÞ
h i

þ i
B

2l
jA/ðzÞ� z/0ðzÞ�wðzÞ
h i

;

ð2Þ

where WðzÞ ¼ v0ðzÞ, and

l ¼ 1
2
ðA11 � A12Þ; B ¼ B12; D ¼ D11; mA ¼ A12

A11
;

mD ¼ D12

D11
; jA ¼ 3A11 � A12

A11 þ A12
¼ 3� mA

1þ mA
;

jD ¼ 3D11 þ D12

D11 � D12
¼ 3þ mD

1� mD
: ð3Þ

The five elastic constants A11;A12;B12;D11 and D12 refer to the
work by Beom and Earmme (1998). The membrane stress resul-
tants, bending moments, transverse shearing forces, and modified
Kirchhoff transverse shearing forces V1 ¼ R1 þM12;2 and
V2 ¼ R2 þM21;1 can be expressed by the four stress functions ua
and ga (Cheng and Reddy, 2002):

Nab¼��bxua;x;

Mab¼��bxga;x�
1
2
�abgx;x; Ra¼�

1
2
�abgx;xb; Va¼��axgx;xx;

ð4Þ

where �ab are the components of the two-dimensional permutation
tensor.

If a new coordinate system fx
^

igði ¼ 1;2;3Þ is established where
x
^

3 ¼ 0 is on the mid-plane and x
^

a ¼ xa, the in-plane displacements
u
^

a and slopes #
^

a on the mid-plane, and the stress functions /
^

a and
g
^

a in the new coordinate system can simply be given by Wang and
Zhou (2014c)

#
^

1 þ i#
^

2 ¼ #1 þ i#2; u
^

1 þ iu
^

2 ¼ u1 þ iu2 � ĥð#1 þ i#2Þ;

u
^

1 þ iu
^

2 ¼ u1 þ iu2; g
^

1 þ ig
^

2 ¼ g1 þ ig2 þ ĥðu1 þ iu2Þ;
ð5Þ

where

ĥ ¼ h
2
� h0: ð6Þ

In the new coordinate system, the stress resultants N
^

ab ¼ Q
^

rab

and M
^

ab ¼ Q
^

x
^

3rab with Q
^

ð� � �Þ ¼
R h=2
�h=2ð� � �Þdx

^

3, transverse shearing

forces R
^

b ¼ M
^

ab;a, and modified Kirchhoff transverse shearing

forces V
�

1 ¼ R
�

1M
�

12;2 and V
�

2 ¼ R
�

2M
�

21;1 can also be expressed in

terms of the introduced stress functions u
^

a and ~ga as

N
^

ab¼��bxu
^

a;x;

M
^

ab¼��bxg
^

a;x�
1
2
�abg

^

x;x; R
^

a¼�
1
2
�abg

^

x;xb; V
^

a¼��axg
^

x;xx:

ð7Þ

3. Green’s functions for bimaterials

Consider two dissimilar isotropic laminated semi-infinite plates
perfectly bonded along the real axis, as shown in Fig. 1. The
mid-planes of the two semi-infinite plates are on the same plane. It
is assumed that the singularities are located at z ¼ z0 ðImfz0g > 0Þ
in the upper semi-infinite plate. The subscripts 1 and 2 (or the super-
scripts (1) and (2)) are used to identify the associated quantities in
the upper and lower semi-infinite plates, respectively.

The continuity conditions of displacements and stress resul-
tants across the perfect interface x2 ¼ 0 can be more specifically
expressed into

u
^ð1Þ

1 þ iu
^ð1Þ

2 ¼ u
^ð2Þ

1 þ iu
^ð2Þ

2 ; u
^ ð1Þ

1 þ iu
^ ð1Þ

2 ¼ u
^ ð2Þ

1 þ iu
^ð2Þ

2 ;

#
^ð1Þ

1 þ i#
^ð1Þ

2 ¼ #
^ð2Þ

1 þ i#
^ð2Þ

2 ; g
^ð1Þ

1 þ ig
^ð1Þ

2 ¼ g
^ð2Þ

1 þ ig
^ð2Þ

2 :
ð8Þ

In order to solve the boundary value problem containing a
straight interface, it is more convenient to introduce the following
new analytic functions:

HkðzÞ ¼ z/0kðzÞ þ wkðzÞ; XkðzÞ ¼ zU0kðzÞ þWkðzÞ; ðk ¼ 1;2Þ: ð9Þ

The principal (or singular) parts of /1ðzÞ, U1ðzÞ, H1ðzÞ and X1ðzÞ
defined in the upper half-plane are /0ðzÞ; U0ðzÞ; H0ðzÞ and X0ðzÞ,
respectively; whilst /2ðzÞ, U2ðzÞ, H2ðzÞ and X2ðzÞ defined in the
lower half-plane are all regular. Explicit expressions of /0ðzÞ;
U0ðzÞ; H0ðzÞ and X0ðzÞ for different singularities have been derived
by Wang and Zhou (2014a) and are listed in Appendix A.

In view of Eqs. (2), (5) and (9), the continuity conditions of dis-
placements and stress resultants across the perfect interface x2 ¼ 0
in Eq. (8) can be expressed in terms of /kðzÞ; UkðzÞ; HkðzÞ and
XkðzÞ ðk ¼ 1;2Þ as

Uþ1 ðzÞ þ �X�1 ðzÞ ¼ U�2 ðzÞ þ �Xþ2 ðzÞ;

Semi-infinite plate 1 

2x

1x

0zz=

Semi-infinite plate 2 

Fig. 1. A bimaterial composed of two bonded dissimilar isotropic laminated semi-
infinite plates. The singularities are located in the upper semi-infinite plate 1.

2922 X. Wang, K. Zhou / International Journal of Solids and Structures 51 (2014) 2921–2930



Download English Version:

https://daneshyari.com/en/article/277598

Download Persian Version:

https://daneshyari.com/article/277598

Daneshyari.com

https://daneshyari.com/en/article/277598
https://daneshyari.com/article/277598
https://daneshyari.com

