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a b s t r a c t

In this paper, inhomogeneous deformation of a temperature-sensitive hydrogel has been studied and
analyzed under arbitrary geometric and boundary conditions. We present the governing equations and
equilibrium conditions of an isothermal process based on the monophase gel field theory of hydrogel
via a variational approach. We have adopted and implemented an explicit form of energy for tempera-
ture-sensitive hydrogel in a three-dimensional finite element method (FEM) using a user-supply subrou-
tine in ABAQUS. For verification purpose, a few numerical results obtained by the proposed approach are
compared with existing experimental data and analytical solutions. They are all in good agreement. We
also provide several examples to show the possible applications of the proposed method to explain var-
ious complex phenomena, including the bifurcation, buckling of membrane, buckling of thin film on com-
pliant substrate and the opening and closure of flowers.

� 2013 Elsevier Ltd. All rights reserved.

1. Introduction

Flexible long-chained polymers can form a three-dimensional
network by crosslinking through covalent bond. When the elasto-
mer is submerged into a solvent, the network imbibes the solvent
and swells, resulting in an elastomer gel. Determined by the func-
tional group along the polymer chain, the deformation of the
hydrogel can be affected by many stimuli including ionic concen-
tration (Tanaka et al., 1980), temperature (Otake et al., 1990),
forces (Doi, 2009), pH values (Marcombe et al., 2010) and electrical
field (Osada and Gong, 1998; Shiga, 1997). Such stimuli-responsive
gels have become a good material choice in diverse applications.
For example, the capability of large and reversible deformation
makes gel an attractive candidate material for sensors (Beebe
et al., 2000; Westbrook and Qi, 2008), actuators (Carpi et al.,
2009) and microvalves (Richter et al., 2004), whereas the biocom-
patibility and softness assure promising applications in the area of
bioengineering, drug delivery devices (Dong et al., 2006; Peppas
et al., 2006; Wichterle and Lim, 1960) and tissue engineering
(Lee and Mooney, 2001).

The diverse applications and the complex material behavior
observed in experiments (Guvendiren et al., 2009; Kuhn et al.,
1950; Matsuo and Tanaka, 1992; Mora and Boudaoud, 2006;
Southern and Thomas, 1965; Sultan and Boudaoud, 2008; Tanaka
and Sigehuzi, 1994; Tanaka et al., 1987; Tirumala et al., 2005;
Trujillo et al., 2008; Yang et al., 2010; Zhang et al., 2008) have

motivated a large number of theoretical and numerical studies
on hydrogel. The theoretical study dated back to more than a cen-
tury ago. Gibbs (1878) proposed a thermodynamic theory of mo-
bile molecules in an elastic solid. Biot (1941) derived the
governing equations for the mass transport in a porous medium
using thermodynamic theory and Darcy’s law. Flory and Rehner
(1943) developed a statistical-mechanical model for hydrogel.
Baek and Srinivasa (2004) introduced a model of slow diffusion
into a swelling solid undergoing large deformation. Dolbow et al.
(2004) formulated a continuum model for chemically induced vol-
ume transition in hydrogel. Hui and Muralidharan (2005) did a
comparison of the theories of Biot, Tanaka and Hocker, and
Benedek. Other subsequent contributions include those work (An
et al., 2010; Baek and Pence, 2011; Cai and Suo, 2011; Cai and
Suo, 2012; Chester and Anand, 2010; Doi, 2009; Hong et al.,
2009; Hong et al., 2010; Hong et al., 2008; Li et al., 2007;
Marcombe et al., 2010; Zhang et al., 2012). Another group of
researchers adopted the numerical approach to study the behavior
of gels. Birgersson et al. (2008) studied a transient analysis of tem-
perature sensitive gels using COMSOL MULTIPHYSICS. Hong et al.
(2009) and Kang and Huang (2010) have developed FEM for gels
in equilibrium while Marcombe et al. (2010) implemented FEM
for pH-sensitive hydrogel under mechanical constraint. Zhang
et al. (2009) formulated FEM for transient analysis of concurrent
large deformation and mass transport in gels. Park et al. (2012)
developed a dynamic FEM for inhomogeneous deformation and
electromechanical instability for elastomer transducers. Recently,
Cai and Suo (2011) modified the Flory–Rehner model for neutral
gel by adopting the interaction parameter as a function of

0020-7683/$ - see front matter � 2013 Elsevier Ltd. All rights reserved.
http://dx.doi.org/10.1016/j.ijsolstr.2013.04.011

⇑ Corresponding author. Tel.: +86 15209208735; fax: +86 2982668087.
E-mail addresses: zishunliu@mail.xjtu.edu.cn, zishunliu@nus.edu.sg (Z. Liu).

International Journal of Solids and Structures 50 (2013) 2610–2619

Contents lists available at SciVerse ScienceDirect

International Journal of Solids and Structures

journal homepage: www.elsevier .com/locate / i jsolst r

http://dx.doi.org/10.1016/j.ijsolstr.2013.04.011
mailto:zishunliu@mail.xjtu.edu.cn
mailto:zishunliu@nus.edu.sg
http://dx.doi.org/10.1016/j.ijsolstr.2013.04.011
http://www.sciencedirect.com/science/journal/00207683
http://www.elsevier.com/locate/ijsolstr


temperature and concentration, and then used the model to ana-
lyze the deformation of the poly-(N-isopropylacrylamide) hydro-
gel. With a specific material model, such a theory enables
analysis for the deformation of temperature-responsive hydrogel
under different geometric and mechanic constraints.

In the current paper, we seek to fulfill three objectives. First, we
construct a general theory of temperature-responsive hydrogel
undergoing inhomogeneous deformation using a variational ap-
proach (Hong et al., 2009; Kang and Huang, 2010). A set of govern-
ing equations coupled the mechanical and chemical equilibrium is
presented explicitly. Second, a specific material model is employed
in finite element implementation by providing a user defined sub-
routine in the commercial software ABAQUS. This implementation
enables us to analyze diverse phenomena including large deforma-
tion, contact, bifurcation, buckling of hydrogel, etc. Finally, we
present several examples and compare the proposed simulation re-
sults with experimental data and analytical solutions. Hopefully,
our model and subroutine were able to provide a powerful tool
for other researchers to study the complex phenomena involving
gels and the examples provided could give certain illuminating in-
sights for further study.

The plan of this paper is as follows. In Section 2, we elaborate on
the governing equations and equilibrium conditions for a gel
undergoing inhomogeneous deformation under arbitrary geomet-
ric and boundary conditions. Section 3 describes the explicit free
energy function using the Flory–Huggins theory while a finite ele-
ment method for numerical simulation of the temperature-respon-
sive hydrogel is developed, implemented and elaborated in Section
4. After introducing the definition of phase transition in Section 5,
analytical and numerical solutions for homogeneous deformation
are compared in Section 6. In Section 7, we apply the proposed
model to explain the complex phenomena observed in the experi-
ment such as bifurcation, buckling of swelling gel opening and clo-
sure of flower and buckling of thin film. This is followed by the
concluding remarks in the last section.

2. A thermodynamic model of hydrogel

In this paper, we focus our discussion on FEM implementation
for temperature sensitive hydrogel. We present the mono-phase
gel theory which is developed by Suo’s group (Hong et al., 2008)
and elaborated more rationally by Kang and Huang (2010). Since
the free energy function form in Kang and Huang’s paper is more
general, we adopt Kang and Huang’s form instead of that of Hong
et al. (2009) and follow the latter’s approach to present the
mono-phase gel theory in this section.

2.1. Governing equation

Consider a hydrogel body (current state) of volume X enclosed
by a surface C, subject to a body force bi and surface traction ti.
When the hydrogel is immersed in a solvent of chemical potential
~l, the solvent molecule can enter or leave polymeric gel across the
surface C. In addition, the surface C may be mechanically con-
strained or chemically isolated from the solvent. To study the gel
deformation, consider an infinitesimal process. In a short time dt,
the displacement field in the reference coordinate is denoted by
dx(X), and the work done dH by the environment is,

dH ¼
Z

X
bidxidV þ

I
C

tidxidS�
I

C

~lnkdikdS ð1Þ

where dik is the molecular flux density defined as the number of sol-
vent molecules across per unit area of a surface element with the
surface normal in the xk direction, nk is the kth component of the
unit normal vector on the surface and the product �nkdik gives

the number of solvent molecules entering the gel across unit area
surface. We have adopted the dummy sum notation but ignored
the injection of solvent molecules by source or distributed pump
that was previously included in the theory by Hong et al. (2008)
as we consider the whole domain of the hydrogel and the molecules
can enter the hydrogel only through the boundary. The governing
equations for the hydrogel are briefly described in this section
(Hong et al., 2008; Kang and Huang, 2010). Let U denote the free en-
ergy of the whole hydrogel, and w(x) be the free energy density. In
an infinitesimal process, the variation of the whole energy of the
hydrogel is,

dU ¼ d
Z

X
wdV

� �
ð2Þ

In addition, the mass conservation of the water molecule requires
that

d
Z

X
cdV

� �
¼ �

I
C

nkdikdS ð3Þ

where c is the concentration of the solvent molecule in the hydro-
gel. Eq. (3) implies that the mass change of the molecules inside
the gel is due solely to the molecular movement of the gel through
its boundary. This is valid since we have assumed that there is no
distributed pump or source inside the gel.

It is normally convenient to work in the reference coordinates.
The hydrogel has a fixed volume X0 and surface C0 in reference
coordinates, X. As shown in Fig. 1, the deformation gradient tensor
F, mapping the reference coordinates to the current coordinates, x,
is defined as,

Fik ¼
@xiðXÞ
@Xk

ð4Þ

The differential volume and differential surface area at the current
state are related to those in the reference state by

dV ¼ JdV0 ð5Þ
nidS ¼ AiLNLdS0 ð6Þ

where NL is the Lth component of the unit normal on the surface at
the reference state and J = det(F) and AiL ¼ 1

2 eijkeLMNFjMFkN

Then the nominal quantities can be defined as follows: the
nominal body force B: BidV0 = bidV; the nominal surface traction
T: TidS0 = tidS; the nominal molecular flux density I: NkdIKdS0 =
nkdikdS; the nominal free energy density W: WdV0 = wdV; and the
nominal molecular concentration C: CdV0 = cdV. Thus, Eqs. (1)–(3)
can be rewritten in terms of the nominal quantities respectively as:

dH ¼
I

Xo

BidxidV0 þ
I

Co

TidxidS0 �
I

Co

~lNKdIK dS0 ð7Þ

dU ¼
Z

Xo

dWdV0 ð8ÞZ
Xo

dCdV0 ¼ �
I

C0

NKdIK dS0 ð9Þ

Thermodynamic process requires that the free energy of the whole
system must decrease or remain the same. Thus for the system con-

(b)(a)

Fig. 1. Schematic illustration of (a) the reference state and (b) the equilibrium state
of hydrogel.
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