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a b s t r a c t

Residual stresses play a crucial role in structural integrity assessment. In this study, a large cracked
cylinder with a weld in the center is applied to investigate the effect of residual stresses on the crack-
tip constraint. A modified boundary layer model with a remote displacement-controlled elastic K-field
and T-stress under small scale yielding has been used to simulate the problem. A two-dimensional tensile
residual stress field due to the weld is introduced into the model by the so-called eigenstrain method. It
has been shown that the residual stresses can significantly elevate the crack-tip constraint and thus
increase the probability for cleavage fracture. The constraint parameter R introduced by the authors
can be used to rank the crack-tip constraint induced by the bi-axial residual stresses. The R value
decreases with the increase in the applied J-integral. The residual stress-induced constraint is also cou-
pled with the T-stress. The R value becomes smaller with larger T-stress.

� 2009 Elsevier Ltd. All rights reserved.

1. Introduction

Process-induced residual stresses are inevitable for most
mechanical or thermal operations used in processing engineering
materials. Residual stresses have a significant effect on structural
integrity assessment of welded structures. The proper treatment of
the welded residual stresses in integrity assessment is becoming
an increasing important safety factor when high strength steels are
utilized more widely in the offshore industry. In practice, it has been
demonstrated that the residual stresses are either overestimated in
most cases or underestimated in others (Dong and Brust, 2000).

Significant progress has been made in the prediction of the
welding residual stresses, and several commercial finite element
codes are available on the market (WeldsimS, SYSWELD). The
study of the effect of residual stresses on the crack-tip driving
force, constraint, failure mechanisms and integrity assessment
has also received attention recently. The studies carried out by
Panontin and Hill (1996) and Hill and Panontin (1998) confirm that
the residual stresses contribute to both the crack driving force and
the crack-tip constraint. Xu and Burdekin (1998) investigated the
effect of residual stresses on the crack-tip constraint and found
that the tensile residual stresses parallel to the crack flank increase
the constraint at the crack tip while compressive residual stresses
in this direction have the opposite effect, but a biaxial nonlinear
residual stress state may also increase the crack-tip constraint de-

spite the residual stress component parallel to the crack flank
being compressive. Lei et al. (2000) observed that the standard
Rice’s J-integral (Rice, 1968) becomes path dependent in the pres-
ence of a residual stress field. They suggested a modified J-integral
that is path-independent for both a pure residual stress field and a
combination of residual stress field and the applied load. Residual
stresses were also shown to affect fracture mechanisms, such as
brittle fracture, plastic collapse, fatigue, creep, stress corrosion
cracking (Withers, 2007) as well as hydrogen embrittlement (Tor-
ibio and Elices, 1991). Understanding how residual stresses along
with the presence of known or worst case defects affect the limit
life without unnecessary conservation is crucial for the industry.
Most recently, the residual stress-induced crack-tip constraint
has been investigated by Liu et al. (2008) by using single edge
notched bending specimens and a one-dimensional residual stress
field. A new parameter R was proposed. By combining the CTOD
(Crack Tip Opening Displacement) and Q-stress (O’Dowd and Shih,
1991, 1992), a so-called CTOD-Q-R three-parameter formulation is
proposed to describe the near-tip stress field.

In this study, a modified boundary layer (MBL) model has been
used to investigate the effect of a two-dimensional residual stress
field on the crack-tip constraint. An ideal problem, a large round
cylinder with a ‘‘spot” weld in the center, was studied, see Fig. 1.
A rigid analytical surface was placed on the symmetrical line to
model the contact of the crack surfaces. The cylinder was simu-
lated by an MBL model with a remote boundary controlled by
the elastic K-field and T-stress, and with a crack located at the weld
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metal. Material property mismatch between the weld metal and
the base metal has not been taken into consideration.

The overall aim is to study the structure of the near-tip stress
field in the presence of two-dimensional residual stresses and
the relationship of this field to the applied J-integral and T-stress.
The paper is organized as follows: the studies of crack-tip con-
straints including the geometry constraint, mismatch constraint,
prestrain history-induced constraint are reviewed first. The
numerical procedure for this study is briefly discussed in Section
3. The findings and results are discussed in detail in Section 4. Fi-
nally, the paper ends with the concluding remarks.

2. Crack-tip constraint

In a weldment there are basically four factors which influence
the level of a crack-tip constraint. Constraint in fracture mechanics
is a term that is widely used but vaguely defined or understood. In
the present context we prefer to understand the level of constraint
as an indicator of the near-tip stress state, and the constraint is re-
garded as the factors or conditions which influence the transfer-
ability and invalidate the one-to-one relation between the crack
driving force and near-tip stress field. The geometry constraint is
caused by crack size, specimen dimensions and loading mode;
inhomogeneous material properties can induce the mismatch con-
straint at the crack tip (Zhang et al., 1996; Betegón and Peñuelas,
2006; Burstow et al., 1998); both the prestrain history (Eikrem
et al., 2007) and the welding residual stresses influence the
crack-tip constraint as well. In recent decades, a series of studies
has been carried out to characterize the different crack-tip
constraints.

According to William’s solution, the first two terms of small-
strain linear elastic expansion of the crack-tip stress field possess
the following form (Williams, 1957),

rij ¼
KIffiffiffiffiffiffiffiffiffi
2pr
p fijðhÞ þ Td1id1j ð1Þ

where KI is the mode I elastic stress intensity factor and T is a stress
parallel to the crack. Larsson and Carlsson (1973) demonstrated
that the second term in the series was important to modify the
boundary solution to fit the real crack problem, and the T-stress
has a significant effect on the plastic zone size and shape. Du and
Hancock (1991) studied the effect of T-stress on the small scale
yielding field of a crack in plain strain conditions and found that a
positive T-stress causes plasticity to envelop the crack tip and exhib-
its a Prandtl field. This corresponds to the limit solution of the HRR
field (Hutchinson, 1968; Rice and Rosengren, 1968) for a non-hard-
ening material, while a compressive T-stress reduces the stress tri-
axiality state at the crack tip. Betegón and Hancock (1991)
suggested a two-parameter framework J-T to characterize the effect
of the constraint induced by the geometry. But, T-stress is only valid
in an elastic regime.

O’Dowd and Shih (1991, 1992) developed the J–Q two-param-
eter theory and gave a precise meaning to the term constraint
caused by the geometry and loading mode. They showed that
the full range of high- and low-triaxiality fields within the J–Q
annulus are members of a family of solutions parameterized by
Q when distances are normalized by J=r0, where r0 is the yield
stress. The near-tip stress field can be expressed by two-term
expansion:

rij ¼ rHRR
ij þ Qr0

r
J=r0

� �q

r̂ijðh;nÞ ð2Þ

where

rHRR
ij ¼ J

a�0r0Inr

� � 1
nþ1

r0 ~rijðh; nÞ ð3Þ

is the J-controlled HRR stress field, r and h are polar coordinates
centered at the crack tip; n is the hardening component; �0 is the
yield strain (�0 ¼ r0=E), and a is a material constant.

Their study showed that jqj � 1; and when jhj < p=2,
1 < r=ðJ=r0Þ < 5, the stress components r̂rr � r̂hh � constant and
jr̂rhj � jr̂hhj. Thus, Q is a hydrostatic stress parameter. In this
two-parameter formulation, J sets the size scale over which large
stress and strains develop, and Q characterizes the crack-tip stress
distribution and the stress triaxiality achieved ahead of the crack. Q
is therefore a quantitative measure of the crack-tip constraint
caused by geometry. It must be noted that the J–Q theory fails to
characterize the crack-tip fields and quantify the constraint level
in a bending-dominated large deformation regime. Zhu and Leis
(2006) proposed a bending modified J–Q theory, by which the
crack-tip stress fields for bending specimens at all deformation lev-
els can be characterized.

In welded components, the crack located at the interface be-
tween the weld metal and the heat affected zone is generally the
most critical one. Because of the nature of welding, there is often
a mismatch between the weld metal and the base metal. By consid-
ering the interface crack as a bi-material system, Zhang et al.
(1996) carried out a numerical investigation on the near-tip stress
field and found that the near-tip field in the forward sector can be
separated into two parts. The first is characterized by the J-integral
for a reference material; the second part which influences the
absolute levels of stresses at the crack tip and measures the devi-
ation of the field from the first part can be described by a mismatch
constraint parameter, M (Zhang et al., 1997b):

rij � rRef
ij ðJÞ þMr0Ref

�f M
ij ðhþ 12bÞ ð4Þ

where b ¼ 0 for overmatch and b ¼ 1 for undermatch, r0Ref
is the

yield stress of reference material and �f M
ij represents the angular

function of the difference fields caused by mismatch, which only
depends on the reference material. The study also showed that ra-
dial dependence of M-field is weak. Similar studies have been car-

Fig. 1. Illustration of the problem. (a) The round cylinder; (b) ‘‘spot” welding with radius of c in the center and one sharp crack is introduced; (c) applied load.
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