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Abstract

A mathematical model for the vibration of beams with piezoelectric inclusions is presented. The piezoelectric inclusion
in a non-piezoelectric matrix (host beam) is analyzed as two inhomogeneous inclusion problems, elastic and dielectric, by
using Eshelby’s equivalent inclusion method. The natural frequency of the beam is determined from the variational prin-
ciple in Rayleigh quotient form, which is expressed as functions of the elastic strain energy and dielectric energy of the
piezoelectric inclusion. The Euler—Bernoulli beam theory and Rayleigh—Ritz approximation technique are used in the pres-
ent analysis. In addition, a parametric study is conducted to investigate the influence of the energies due to piezoelectric
coupling on the natural frequency of the beam.
© 2006 Elsevier Ltd. All rights reserved.
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1. Introduction

Smart structures are systems that incorporate particular functions such as sensing, processing and
actuation. They have the ability to sense certain stimuli and respond in a controlled manner (Chung,
2002). Smart structures are important because of their relevance to structural health monitoring, structural
vibration control and transportation engineering. A primary focus in the research of smart structures is the
use of piezoelectric materials, since these materials can function both as sensors and actuators (Tani et al.,
1998).

A major problem in the dynamic operation of structures is undesirable vibrations (Mackerle, 2003). This is
why vibration control and active damping are among the most studied areas using smart materials and struc-
tures (Cao et al., 1999; Chee et al., 1998). Extensive research has been done on the vibration control and sup-
pression of structures using piezoelectric materials, as evident from numerous review articles (see for example
Ahmadian and DeGuilio, 2001; Irschik, 2002; Rao and Sunar, 1994; Sunar and Rao, 1999; Wetherhold and
Aldraihem, 2001). Many mathematical models for laminates and structures with piezoelectric sensors and/or
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actuators have been presented in the literature, and reviews of these models have been presented by Alzahrani
and Alghamdi (2003), Chee et al. (1998), Gopinathan et al. (2000), Chopra (2002) and Saravanos and Heyliger
(1999). Brief summaries on the computational models for composite laminates with piezoelectric sensors and
actuators can also be found in Mota Soares et al. (2000) and Reddy (1999). A bibliographical review on the
finite element models for the analysis and simulation of smart materials and structures have been presented by
Mackerle (2003).

An analysis of these reviews indicates that piezoceramic materials are widely used as sensors and/or actu-
ators. They are either in the form of patches or lamina. The piezoelectric patches are either bonded to or
embedded within the structures, whereas the piezoelectric lamina are stacked together with a substrate laminae
to form a piezoelectric composite laminate (Chee et al., 1998). However, there are several factors that limit the
use of piezoceramic materials, such as their brittle nature and low tensile strength, therefore limiting their abil-
ity to conform to curved shapes, and the large add-on mass associated with using typical lead-based piezoce-
ramic (Williams et al., 2002). The use of arrays of piezoelectric sensors and actuators embedded within the
structure would remedy the above mentioned restrictions. Due to their small size, these sensors/actuators have
the flexibility to conform to curved shapes, and they add little weight to the structure (Badcock and Birt,
2000). In addition, these piezoelectric sensors and actuators can be tailored to achieve a particular smart struc-
ture design.

Owing to the small size of the piezoelectric sensors and actuators relative to the size of the host structure,
these sensors/actuators can be analyzed as inclusions in a non-piezoelectric matrix (host structure) by using a
micromechanics approach. Fan and Qin (1995) analyzed a piezoelectric sensor embedded in a non-piezoelec-
tric elastic matrix by using Eshelby’s equivalent inclusion method (Eshelby, 1957; Mura, 1987). The piezoelec-
tric problem was decoupled into an elastic inclusion problem and a dielectric inclusion problem connected by
some eigenstrain and eigenelectric field. Jiang et al. (1997, 1999) analyzed the piezoelectric inclusion in a non-
piezoelectric matrix by using the Green’s function technique.

Krommer and Irschik (1999), Irschik et al. (1998) and Irschik and Ziegler (2001) analyzed the piezoelectric
actuation for vibration and shape control of structures as an eigenstrain actuation. An eigenstrain technique
was presented by Alghamdi and Dasgupta (1993a,b, 2000, 2001) for the vibration of beams with embedded
arrays of piezoelectric sensors and actuators. The embedded sensors and actuators were analyzed as piezoelec-
tric ellipsoidal inclusion in an infinite matrix (host beam) by using Eshelby’s equivalent inclusion method.
Using the variational principle in Rayleigh quotient form, they formulated an equation for the natural fre-
quency of the beam, which was expressed as functions of the elastic strain energy and dielectric energy of
the beam. However, the piezoelectric inclusions were analyzed as elastic inclusions only, thereby neglecting
the dielectric effects of the piezoelectric inclusions. The influence of the mechanical-electrical coupling of
the piezoelectric sensors on the natural frequency was also neglected in their analyses.

In this research, a mathematical model for the vibration of beams with embedded arrays of piezoelectric
sensors and actuators is presented. The piezoelectric sensors and actuators are analyzed as inhomogeneous
ellipsoidal inclusions in a non-piezoelectric matrix (host beam) by using Eshelby’s equivalent inclusion method
(Eshelby, 1957; Mura, 1987). The formulation for the piezoelectric inclusion problem is decoupled into two
equivalent inclusion problems, an elastic problem and a dielectric problem. An equation for the natural fre-
quency of the beam is determined using the variational principle in Rayleigh quotient form, which is expressed
as functions of the elastic strain energy and dielectric energy of the piezoelectric inclusions. These energies are
derived using Mura’s formulation for inhomogeneous inclusions. The Euler—Bernoulli beam theory and Ray-
leigh—Ritz approximation technique are used in the present analysis. In addition, the influences of the energies
due to the electromechanical coupling of the actuators and the mechanical-electrical coupling of the sensors
on the natural frequency of the beam are studied.

The research is presented as follows. First, the mathematical modeling is presented, which begins with the
formulation of the equation for the natural frequency of a piezoelectric body. This is followed the analysis of
a non-piezoelectric matrix with piezoelectric ellipsoidal inclusions using Eshelby’s equivalent inclusion
method. The energies of the piezoelectric inclusions are then formulated, and an explicit solution for the nat-
ural frequency of a beam with piezoelectric inclusions is obtained. Next, using the mathematical model pre-
sented, the influence of the energies due to piezoelectric coupling on the natural frequency of the beam is
studied.
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