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Abstract

The effect of pre-buckling nonlinearity on the bifurcation point of a conical shell is examined on the basis of three
shell theories: Donnell�s, Sanders� and Timoshenko�s. The eigenvalue problem is solved iteratively about the nonlinear
equilibrium state up to the bifurcation point. A new algorithm is presented for the real buckling behavior, dispensing
with the need to cover the entire nonlinear pattern. This algorithm is very important for structures characterized by a
softening process, in which the pre-buckling nonlinearity depresses the buckling level relative to the classical one.

The procedure involves nonlinear partial differential equations, which are separated into two sets (using the pertur-
bation technique) for the pre-buckling and buckling states, respectively and solved with the variable expanded in
Fourier series in the circumferential direction, and by finite differences in the axial direction. A general computer code
was developed and used in studying the effect of the pre-buckling nonlinearity on the buckling level, of the shell under
axial compression, in the context of the three shell theories.
� 2005 Elsevier Ltd. All rights reserved.
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1. Introduction

Loss of stability by buckling in shell-like structures is one of the most important and crucial failure phe-
nomena. Treatment of the buckling process as a linear one in this context has been questioned due to the
discrepancies observed between theoretical predictions and experimental results. The first reason for these
discrepancies is the fact that the structures in question are subjected to considerable nonlinear pre-buckling
deformation; consequently, the linear approach is unsuitable for predicting their stability. The second is the
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fact that the load capacity of such structures is strongly affected by the initial imperfection pattern. Accord-
ingly, two main approaches are available for our purpose: (I) consideration of the sensitivity to imperfec-
tion, see e.g., Goldfeld et al. (2003); (II) determination of the real buckling load while dispensing with the
need to cover the entire nonlinear equilibrium path.

The present paper is concerned with the second approach. For this purpose the conical shell is chosen as
a representative structure for the entire range of degree of nonlinearity. Namely, cylindrical shell (conical
with vertex half-angle (a = 0�)) characterized by high nonlinearity, and annular plate (a = 90�) character-
ized by very low nonlinearity. By varying the cone vertex half-angle (a) conclusions can be drawn for the
entire range of nonlinearity level.

While the linear stability (with the nonlinear pre-buckling deformation disregarded) of cylindrical and
conical shells was extensively studied, its nonlinear counterpart has so far, to the best of the authors� knowl-
edge, attracted less interest. Seide (1956) was the first to derive the critical buckling load for an axisymmet-
ric mode in a conical shell. Singer (1965) also used the asymmetric buckling mode and obtained the same
buckling load as Seide. The effect of the four possible in-plane boundary conditions on the buckling behav-
ior of a conical shell under axial compression was studied by Singer (1962) and by Baruch et al. (1970).
Pariatmono and Chryssanthopoulos (1995) and Spagnoli (2003) showed that at a certain aspect ratio of
a conical shell, different buckling modes correspond to the same value of critical buckling. Tong (1994) sug-
gested a simple formula for the critical buckling loads of laminated conical shells, based on Seide�s (1956)
and assuming constant stiffness. Recently, Goldfeld and Arbocz (2004) studied the influence of variation of
the stiffness coefficients on the buckling behavior of laminated conical shells.

So far most of the relevant studies have been limited to the simplified theoretical treatment assuming
membrane-like or linear pre-buckling. There are, however, a few studies where the influence of the pre-
buckling state is taken into account. Brush (1980) considered the effect of pre-buckling rotation in a cylin-
drical shell and improved accordingly the buckling load obtained without it. Famili (1965) studied the
asymmetric behavior of truncated and complete conical shells under uniform hydrostatic pressure, also tak-
ing into account the large deformation in the pre-buckling state. Zhang (1993) studied, in the same manner,
the buckling and initial post-buckling behavior, with considering the nonlinear pre-buckling behavior,
under axial compression and hydrostatic pressure. The limitation in Famili�s and Zhang�s works is the
assumption of an axisymmetric pre-buckling solution and recourse to WF formulation (where W is the nor-
mal displacement and F is the Airy stress function), which may yield inaccurate results as was shown later in
Sheinman and Goldfeld (2001). For general structures, using the finite-element technique, Brendel and
Ramm (1980) devised an improved scheme for prediction of the critical load, with additional linear buck-
ling analyses carried out at a number of intermediate load levels preceding instability. Chang and Chen
(1986) proposed a scheme for prediction the real buckling load based on combination of the linear and non-
linear analyses, and with disregarding the stiffness terms which are quadratically dependent on the general-
ized displacement.

While extensive literature is devoted to processes characterized by a limit point, very few works cover the
entire nonlinearity range. From the analytical point of view, two approaches are used in investigating the
effect of pre-buckling nonlinearity: (I) the full nonlinear analysis which yields an exact prediction of the
nonlinear bifurcation point by finding the intersection of two (or more) equilibrium paths; this approach
entails a heavy computational effort; (II) the eigenvalue approach, focusing on the nonlinear equilibrium
state. The eigenvalue problem is solved iteratively until the eigenvalue for the current load equals unity,
thus yielding the stiffness and geometric matrices right at the bifurcation point; this approach is substan-
tially more effective and computationally cheaper.

The primary objective of the present paper is a new algorithm for the real buckling load dispensing with
the need to cover the entire nonlinear behavior. Due to the significant differences between the various shell
theories as regard the classical buckling load (Sheinman and Goldfeld, 2001), the sensitivity to imperfection
(Sheinman and Goldfeld, 2003) and the nonlinear behavior till the limit point (Simitses et al., 1985),
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