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a b s t r a c t

In contrast to the technique accepted in existing design specifications, a slenderness ratio for laced
columns with serpentine or crosswise lattices is determined as a result of consideration of the laced
column as a statically indeterminate structure. Recent results of solving the buckling problem for laced
columns, on the one hand, and the well known relationship between the slenderness ratio of the
compressed bar and its elastic critical force, on the other hand, enable representation of the slenderness
ratio of the laced column as a function of the special lattice rigidity parameter and the number panels into
which the lattice joints divide the column chords. The obtained curves of the slenderness ratio for columns
with a different number of panels are slightly distinguished one from another. As a consequence the single
dependence between the modified slenderness ratio of the column and the lattice rigidity parameter
can be accepted for columns regardless of the number of panels. This dependence is constructed by
enveloping at the top the curves corresponding to fixed numbers of panels. The obtained plots of the
modified slenderness ratio for columnswith serpentine and crosswise lattices can be applied in designing
steel-laced columns.

© 2010 Elsevier Ltd. All rights reserved.

1. Introduction

Design recommendations [1–5] for calculation of the elastic
critical force for a laced column are based on the conception of the
equivalent slenderness ratio proposed by Engesser in 1891 [6,7]:
the buckling problem for a laced column is reduced to calcula-
tion of Euler’s critical force for the ‘‘equivalent’’ solid pin-ended
compressed bar. This approach recognizes the possibility of the
only sinusoidal half-wave buckling mode shape for the laced col-
umn. In actual fact, laced columns are highly redundant systems
and the loss of column stability can occur by various buckling
mode shapes depending on a correlation between the chord rigid-
ity and the lattice rigidity. Euler’s critical force for a laced column
as a statically indeterminate structure can be calculated as a re-
sult of solving a two-point boundary value problem for a system
of recurrence dependences between the deformation parameters
of column cross-sections passing through the lattice joints [8–11].
Recent results of solving the buckling problem for laced columns
as a statically indeterminate structure [10,11] disprove Engesser’s
assumption that the stability problem of the laced column can be
reduced to the analogous problem for a continuous solid pin-ended
column. In the general case, buckling mode shapes obtained for
the column as a statically indeterminate structure take the form
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of the irregular curve consisting of several half-waves with un-
equal amplitudes. The stability analysis of a column as a statically
indeterminate structure shows that Euler’s critical force is a func-
tion of the special rigidity parameter of the column lattice and the
number of panels into which the lattice joints divide the column
chords. In contrast to the technique accepted in existing design
specifications, the equivalent slenderness ratio for laced columns
is suggested to determine according to the statically indeterminate
scheme. The equivalent slenderness ratio for a laced column is de-
fined as a slenderness ratio of the equivalent solid bar. The pin-
ended solid bar is equivalent to the given laced column if the Eu-
ler’s critical force for the bar equals this for the laced column [6,7,
1]. Consequently, the equivalent slenderness ratio for the laced col-
umn can also be represented as a function of the mentioned lattice
rigidity parameter and of the panel number of the column chords.

2. Relations between Euler’s critical force and equivalent
slenderness ratio for laced columns

Consider laced columns that consist of two identical longitudi-
nal chords linked by braces forming two mutually parallel lattices.
In the following, we will discuss two types of lattice, serpentine
(Fig. 1(a)) and crosswise (Fig. 1(b)). Each chord has a solid cross-
section with at least a single axis of symmetry. This axis coincides
with the axis of symmetry of the whole column cross-section, and
is parallel to the lattice planes. The column cross-sections passing
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Notation

A Cross-sectional area of the column chord
Ad Cross-sectional area of the lattice brace
a Distance between the column cross-sections pass-

ing through the adjacent lattice joints (length of the
chord sub-panel for the columnwith the serpentine
lattice (Fig. 1(a)); length of the chord panel for the
column with the crosswise lattice (Fig. 1(b)))

n Number of the chord sub-panels for the column
with the serpentine lattice or the chord panel for the
column with the crosswise lattice

E Young’s modulus
I Secondmoment of inertia of the chord cross-section

about its principal axis normal to the lattices
I0 Second moment of inertia of the whole column

cross-section about its principal axis normal to the
lattices

Ncr Euler’s critical value of the axial compressed force
applied to the column chord

Na Euler’s critical force for the simply supported bar
identical in the static-geometry features with the
chord panel/sub-panel

N∗ Engesser’s critical value of the axial compressed
force applied to the column chord

α Lattice rigidity parameter
ϕ Inclination angle of the lattice brace to the column

cross-section (Fig. 1)
λa Slenderness ratio of the chord panel/sub-panel
λeq Equivalent slenderness ratio of the laced column
λm Modified slenderness ratio of the laced column

a b

Fig. 1. Laced columns with serpentine and crosswise lattices.

through the lattice joints divide each column chord along its length
into panels and sub-panels respectively for crosswise and serpen-
tine lattices. Each chord is compressed by an axial force N .
The equivalent slenderness ratio for the laced column is ex-

pressed through Euler’s critical value Ncr of the axial force

λ2eq =
π2EA
Ncr

(1)

where E=Young’smodulus and A= the cross-sectional area of the
column chord. We will relate the critical force Ncr to Euler’s force
for a simply supported bar identical in the static-geometry features

with the panel or sub-panel of the chord

Na =
π2EA
λ2a

. (2)

The slenderness ratio of this bar is

λa = a
√
A/I (3)

where a is a length of the chord panel in the case of the cross-
wise lattice or the chord sub-panel in the case of the serpentine
lattice (Fig. 1). The analysis of elastic stability of a laced column
as a static indeterminate structure shows that the relative critical
force of the column can be represented as a function of the spe-
cial non-dimensional lattice rigidity parameter α and the number
of chord panels or sub-panels [9–11]
Ncr
Na
= f (α, n). (4)

The lattice rigidity parameter depends on the cross-sectional area
of lattice braces and the moment of inertia of the chord cross sec-
tion (Eq. (12) in Razdolsky [10] and Eq. (24) in Razdolsky [11])

α =
Ada2

I
sin 2ϕ cosϕ. (5)

It is evident from Eqs. (1)–(2) that the equivalent slenderness ra-
tio of the laced column is defined by the relative critical force of
column

λeq = λa

√
Na
Ncr
. (6)

The lattice rigidity parameter can be also represented as follows

α =
2 tanϕ(

1+ tan2 ϕ
)3/2 AdA λ2a. (7)

The ratio of the brace cross-sectional area to the chord cross-
sectional area can be also expressed through the rigidity parameter
α and the slenderness ratio λa

Ad
A
=

(
1+ tan2 ϕ

)3/2
2 tanϕ

α

λ2a
. (8)

We compare the equivalent slenderness ratio calculated for the
laced column as a statically indeterminate structure with the
slenderness ratio that follows from the Engesser’s approach. The
Engesser’s critical force of the column chord is described by the
formula [7, Section 2.18]

N∗ =
π2EI0
2(na)2

[
1+

π2I0
(na)2

1
mAd sinϕ cos2 ϕ

]−1
(9)

where I0 = 2I + 0.5A(a/tgϕ)2 is the second moment of inertia of
the whole column cross-section andm is a factor depending on the
lattice scheme (m = 2 for serpentine lattice and m = 4 for cross-
wise lattice). We neglect themoment of inertia 2I of the individual
chords in comparison with the second term in the expression of I0
and express the brace cross-sectional area through the rigidity pa-
rameter α according to Eq. (8). The formula Eq. (9) takes the form

N∗ =
π2EA

4n2 tan2 ϕ

[
1+

π2

n2 tan2 ϕ
λ2a

mα

]−1
. (10)

The expression of the equivalent slenderness ratio corresponding
to Engesser’s approach follows from Eq. (10)

λeq = 2

√
π2λ2a

mα
+ n2 tan2 ϕ. (11)

3. Column with a serpentine lattice

Calculation of the equivalent slenderness ratio for laced colu-
mns as statically indeterminate structures is based on the relation
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