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a b s t r a c t

Stochastic wind velocity simulation based on the spectral representation method often requires con-
siderable computation time due to the repetitive Cholesky decomposition of the power spectral density
matrix. In this paper, a modified model is proposed for the Davenport coherence function and is used to
improve the efficiency of the Cholesky decomposition based on an approximation technique where the
target wind spectrum is reformulated as a piecewise function. Based on this new formulation where the
major piece of the spectrum is regarded as a product of separate functions of frequency and height,
vertically distributed wind velocity field can be efficiently generated through a closed-form expression of
the Cholesky decomposition. When the target spectrum is not separable the Cholesky decomposition can
still be avoided based on the proposed coherence function. In other words, the proposed simulation
method does not require either the direct Cholesky decomposition or the eigenvector decomposition.
Numerical investigations show that, more than 60% of computation time can be saved for the decom-
position of the power spectral density matrix involved in the simulation of two hundred wind velocity
processes and the entire simulation procedure is 3 times faster than the ordinary spectral representation
method for the simulation of two hundred processes.

& 2016 Elsevier Ltd. All rights reserved.

1. Introduction

Civil engineering structures such as long span bridges, high-rise
buildings and towers are very sensitive to wind action. They
demonstrate wind-induced vibration which is usually studied
during their aerodynamic analysis. The most important element in
the aerodynamic analysis of a given structure is the velocity time-
history of the stochastic wind around the structure. Currently,
there are several methods available to generate the stochastic
wind velocity time-history. Most of them are based on Monte
Carlo simulation (Spanos and Zeldin, 1998; Kareem, 2008) which
can be achieved by frequency domain approaches such as linear
filtering approaches (Li and Kareem, 1990; Deodatis and Shino-
zuka, 1988; Spanos and Mignolet, 1989) or by spectral repre-
sentation method (Chen and Letchford, 2004; Li and Kareem,
1991; Shinozuka and Jan, 1972; Grigoriu, 1993). Compared to the
linear filtering approaches, the spectral representation method
(SRM) is more simple and accurate; therefore it is widely used.
However, the spectral representation method is found to be time

consuming due to the repetitive Cholesky decomposition of the
power spectral density (PSD) matrix. This issue has been addres-
sed in the past decades and several techniques have been devel-
oped to improve the efficiency of the decomposition.

An alternative to the Cholesky decomposition is the eigen-
vector decomposition also referred to as the proper orthogonal
decomposition (POD). The POD approach (Holmes et al., 1997;
Rathinam and Petzold, 2003; Di Paola and Gullo, 2001; Solari and
Carassale, 2000; Chen and Kareem, 2005) is widely used to reduce
variables in large scale system based on the truncation of the
higher eigenmodes. The approach can save considerable compu-
tation time and can also be applied for the simulation of non-
Gaussian and non-stationary processes (Phool et al., 2002, 2005;
Huang et al., 2001). However, the truncation of the higher eigen-
modes may lead to unacceptable underestimation of local wind
load (Chen and Kareem, 2005).

Ding et al. (2006), Gao et al. (2012), and Carassale and Solari,
(2006) utilized some interpolation techniques to increase the
efficiency of the Cholesky decomposition. For long span cable-
stayed bridge, Li et al. (2004) introduced a simplification approach
to improve the computational complexity of the decomposition by
treating a three-dimensional wind velocity field as a group of one
dimensional wind velocity fields. Recently, Huang et al. (2013)
developed a new approach for the Cholesky decomposition of
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complex power spectral density matrix. The approach consists of
separating the phases from the complex PSD matrix. Significant
computation time can be saved by decomposing only the derived
real modulus matrix. However, the approach is limited to complex
PSD matrix.

A closed-form expression of the Cholesky decomposition was
established by Yang et al. (1997) and was later improved by Cao
et al. (2000) for the simulation of wind velocity field on bridge
deck based on the assumption that the simulation points are
uniformly distributed at the same height along the bridge deck
axis. The approach has remarkably increased the simulation effi-
ciency since the direct Cholesky decomposition is not required.
The approach is well known for its higher efficiency and is widely
used to generate horizontally distributed wind velocity field.
Unfortunately, lots of the structures encountered in civil engi-
neering (such as bridge towers, high-rise buildings, chimneys and
so on) are vertical with varying heights. The closed-form expres-
sion of the Cholesky decomposition as presented in (Yang et al.,
1997) cannot be directly applied to these structures since the wind
field is vertically distributed along these structures and the wind
spectrum varies with height. This limitation is the main issue
addressed in this paper for vertically distributed wind
velocity field.

In this paper, a modified model of the Davenport coherence
function is suggested and used to improve the efficiency of the
Cholesky decomposition of the power spectral density matrix for
the simulation of vertically distributed wind velocity field based
on an approximation technique where the target wind spectrum is
reformulated as a piecewise function in which the major piece of
the spectrum is regarded as a product of separate functions of
frequency and height. The Cholesky decomposition of the power
spectral density matrix involved in the simulation of wind velocity
fluctuation along one dimensional height varying structures can
be then explicitly expressed using the approximate spectrum. The
spectrum separation idea is developed specially according to Kai-
mal spectrum but can also be applied to the most frequently used
spectra such as the models of Simiu, Davenport and Harris. When
the selected target spectrum is not separable, the closed-form
expression of the Cholesky decomposition can still be derived
based on the proposed coherence function but with additional
computations required. The proposed method is very efficient
since it requires neither the direct Cholesky decomposition nor the
eigenvector decomposition. Both the accuracy and the efficiency of
the proposed simulation method are demonstrated through a
numerical example involving the simulation of fluctuating wind
velocity field along a vertical bridge tower.

2. Simulation of stochastic wind velocity field by spectral
representation method

Let assume that Pðx; y; zÞ is a point of the Cartesian coordinate
system where the x-axis represents the along-wind direction, the
y-axis represents the lateral wind direction and z is the height
above ground. The wind velocity fluctuation at Pðx; y; zÞ can be
regarded as a time-dependent 1V�3D random field process. For
structure with n simulation points P1ðx; y; zÞ;…;Pnðx; y; zÞ½ �, the
wind velocity fluctuation acting on the structure can be repre-
sented as a time-dependent nV�3D random field. The correlation
among the three fluctuation components in x, y and z directions
can be assumed to be weak (Simiu and Scanlan, 1986) so that each
of them can be represented as a time-dependent nV�1D sto-
chastic field which is usually assumed to be stationary Gaussian.

Let us denote S0ðωÞ the two-sided cross-spectral density matrix
of a one-dimensional multivariate stationary Gaussian process:

S0ðωÞ ¼

S011ðωÞ S012ðωÞ ⋯ S01nðωÞ
S021ðωÞ S022ðωÞ ⋯ S02nðωÞ

⋮ ⋮ ⋱ ⋮
S0n1ðωÞ S0n2ðωÞ ⋯ S0nnðωÞ

2
66664

3
77775 ð1Þ

S0jkðωÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
S0jjðωÞS0kkðωÞ

q
ΓjkðωÞ ð2Þ

where S0jjðωÞ and S0kkðωÞ are the auto spectral density functions
of the components xjðtÞ and xkðtÞ, respectively; ΓjkðωÞ is the
coherence function. The cross-spectral density matrix S0ðωÞ is
hermitian and can be decomposed in the following form:

S0ðωÞ ¼HðωÞTn

HðωÞ ð3Þ

HðωÞ ¼

H11ðωÞ 0 ⋯ 0
H21ðωÞ H22ðωÞ ⋯ 0

⋮ ⋮ ⋱ ⋮
Hn1ðωÞ Hn2ðωÞ ⋯ HnnðωÞ

2
66664

3
77775 ð4Þ

where the superscripts T and * denote matrix transpose and
complex conjugate, respectively. HðωÞ is a lower triangular matrix
and can be computed using the Cholesky decomposition. In gen-
eral, the off-diagonal elements of HðωÞ are complex functions of ω
and can be expressed as follows:

HjkðωÞ ¼ HjkðωÞ
�� ��eiθjkðωÞ ð5Þ

where θjkðωÞ is the angle given by

θjkðωÞ ¼ tan �1 Im HjkðωÞ� �
Re HjkðωÞ� �

 !
ð6Þ

For real-valued coherence function, all of the elements of the
matrix HðωÞ are real and the angle θjkðωÞ is equal to zero for any
value of ω. That is:

HjkðωÞ ¼H�
jkðωÞ ð7Þ

θjkðωÞ ¼ 0 ð8Þ

The wind velocity field can be simulated by the following for-
mula (Deodatis, 1996a, 1996b):

xjðtÞ ¼ 2
ffiffiffiffiffiffiffiffiffi
Δω

p XN
l ¼ 1

Xj
m ¼ 1

HjmðωmlÞ
�� �� cos ωmltþφml

� � ð9Þ

where j¼ 1;2;⋯;n; ωml ¼ ðl�1ÞΔωþm
n
Δω; m¼ 1;2;⋯;n; l¼ 1;2;

⋯;N;Δω¼ ωu
N

ωu is the upper cutoff frequency beyond which S0jkðωÞ may be
assumed to be zero. In Eq. (9), φ1l;φ2l;⋯;φnl, l¼ 1;2;⋯;N are n
sequences of independent random phase angles uniformly dis-
tributed over the interval 0;2π½ �.

Alternatively, the power spectral density matrix can be
expressed as (Gao et al., 2012; Li et al., 2004)

S0ðωÞ ¼DðωÞΓðωÞDTðωÞ ð10Þ
where

DðωÞ ¼ diag
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
S011ðωÞ

q
;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
S022ðωÞ

q
;…;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
S0nnðωÞ

q� 	
ð11Þ

ΓðωÞ is a positive definite Hermitian matrix. Therefore, S0ðωÞ
can be factorized in the following form:

S0ðωÞ ¼DðωÞLðωÞLTðωÞDTðωÞ ¼HðωÞTHðωÞ ð12Þ
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