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a  b  s  t  r  a  c  t

The  objective  of this  paper  is  to  demonstrate  how  the process  of uncertainty  designation  (aleatory  vs.
epistemic)  and  subsequent  separation  in a two-staged  nested  Monte  Carlo  simulation  approach  may
lead  to  misinterpretation  of  the study  results,  particularly  with  respect  to  the confidence  (i.e.,  lower
and  upper  bounds)  in  the  estimated  probabilities.  Using  simple  examples,  a critical  distinction  is made
between  first-  and  second-order  random  variable  problems,  which  has  a  direct  bearing  on  the  calcu-
lated  outcomes.  The  results  show  how  using  the nested  simulation  approach  in  a  first-order  problem
renders  the uncertainty  in  the  probability  estimate  to be  conditional  on  the separated  variables,  and
therefore  leads  to the  estimation  of sensitivity  bounds,  rather  than  confidence  bounds  on  the  proba-
bility.  The  probability  itself  is  essentially  a fixed  number,  and  only  subject  to sampling  error  from  the
simulation.  In  contrast,  the  two-staged  simulation  approach  is naturally  applicable  in  the  context  of
second-order  problems,  and  allows  the  impact  of  both  aleatory  and  epistemic  uncertainties  to  be  dis-
played  effectively  and  separately  on  the  final  results,  including  the  estimation  of  the  true  confidence
bounds.

©  2016  Elsevier  B.V.  All  rights  reserved.

1. Introduction

The separation of aleatory and epistemic uncertainties has been
a source of interest in many studies (e.g., Hoffman and Hammonds,
1994; RESS, 1996, 2004; Wu  and Tsang, 2004; Der Kiureghian and
Ditlevsen, 2007; Rao et al., 2007; Aven and Steen, 2010; U.S. NRC,
2012; Sankararaman and Mahadevan, 2013; Duan et al., 2015) with
the primary goal of characterizing and displaying their contribu-
tion in the final outcomes. The motivation for the separation has
generally been regulatory or safety related concerns (e.g., Helton
and Breeding, 1993; Helton et al., 1999). Depending on the authors,
aleatory uncertainty has often been referred to as simply variabil-
ity, or random (or stochastic) heterogeneity in a population that
cannot be reduced, while epistemic uncertainty has been used to
refer to any kind of lack of information (i.e., ignorance) with respect
to model parameters, variables, structure or form, which may  be
reduced by further measurement or study.

To quantify the contribution of each uncertainty on the final
results, the uncertainties are typically separated in a two-staged
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nested Monte Carlo simulation approach, where the epistemic
parameters are sampled in the outer loop, while the aleatory
variables are simulated as part of the inner loop (Wu and Tsang,
2004; U.S. NRC, 2012; Sankararaman and Mahadevan, 2013; Wang
and Duan, 2013; Duan et al., 2015). The overall uncertainty in the
estimated results (e.g., probability of failure, leak, rupture, etc.)
should then be governed solely by the respective number of simu-
lations within each loop.

While there are many ways of representing epistemic uncer-
tainty, including fuzzy sets and possibility theory (see RESS, 2004,
for examples and detailed discussion), both uncertainties are
described using a probabilistic representation in this paper. This
approach is not only consistent with the other simulation studies
listed above, but also convenient for problems (including the exam-
ple problem presented here) where the uncertainty designation of
a particular variable may  be changed between the two types as
required.

The main objective of this study is to demonstrate, using sim-
ple examples, how the process of uncertainty separation may  lead
to misinterpretation of the results, particularly with respect to the
confidence (i.e., lower and upper bounds) in the estimated prob-
abilities. Much of the confusion is related not only to how the
uncertainty in the variables and parameters is defined, but also the
way in which the uncertainties are propagated to the final results.
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The present discussion is especially relevant for probabilistic
assessments, such as the xLPR probabilistic fracture mechanics
project (Rudland, 2011; U.S. NRC, 2012), where the estimation
of extremely low probabilities naturally raises the question of
confidence associated with the results. The issue of confidence is
directly related to the establishment of suitable acceptance crite-
ria, which is one of the key challenges currently preventing the
widespread application of probabilistic assessments, for example,
as a standalone approach for structural integrity assessment (Duan
et al., 2015).

The paper is organized as follows. The simple example problem
is presented in Section 2, including the key distinction between
first- and second-order random variable problems. The central
point of the paper is explored in Section 3, which demonstrates
the consequences of applying the two-staged simulation approach
in a first-order problem. Section 4 illustrates the natural applica-
tion of the two-staged approach in a second-order problem, with
the summary and conclusions presented in Section 5.

2. Problem statement

All probabilistic assessments involve a computational model
(e.g., complex mathematical equations, finite element code, fault
tree, etc.) that defines the relationships and interactions between
key parameters and variables (e.g., material properties and crack
development characteristics in a fracture mechanics code used
to model the timing of pipe rupture). Depending on the prob-
lem, the parameters and variables can be characterized as either
deterministic (i.e., having known fixed values) or as uncertain
(i.e., subject to aleatory or epistemic uncertainty). Regardless of
the uncertainty designation (aleatory vs. epistemic) all uncertain
variables (also referred to as random variables in probabilistic lit-
erature) are described using probability distributions that define
the range and nature of variability associated with each vari-
able. The uncertainty in the model output will then directly reflect
the prescribed randomness or uncertainty in the model input
parameters.

2.1. Model uncertainty

Clearly, the results are also impacted by any uncertainties in
the model itself (i.e., the ability and applicability of the mathemati-
cal equations to represent “reality”). This is a fundamental problem
with all computational models, and is exceedingly difficult to quan-
tify. The typical approach is to “validate” and “verify” the model
against well-defined cases and other models (e.g., Wang and Duan,
2013), however, this does not completely eliminate or quantify the
uncertainty in the model results.

Probabilistic assessments also contain a second source of model
uncertainty, attributed to the probabilistic models used to describe
the uncertain input variables. The chosen or prescribed distribu-
tions (e.g., normal, log-normal, etc.) have a direct impact on the
model results, however, the true or exact distribution types and
their parameters can never be known with certainty. This issue is
typically addressed through sensitivity analysis, which may  involve
not only the uncertain variables, but also an assortment of deter-
ministic parameters.

Because the main focus of this study is on the uncertain input
variables (labelled as aleatory or epistemic) and how their rela-
tive contributions are propagated and expressed in the final results
(i.e., model output), the issue of model uncertainty, while fun-
damentally important, will generally be ignored (i.e., all models,
both computational and probabilistic, are assumed essentially to be
“correct”).
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Fig. 1. First- vs. second-order random variable probabilistic model definition.

2.2. Simple model

Consider the following simple model for the time to leak for a
pipe, for example, from stress corrosion cracking, as

TL = TI + W

R
(1)

where TL is the time to leak, TI is the time to crack initiation, W is
the wall thickness of the pipe, and R is the crack growth rate. The
term W/R  represents the time it takes for an initiated crack to grow
through the pipe wall, resulting in a leak. The key question from a
regulatory or fitness-for-service perspective is to determine

When is the pipe going to leak (and ultimately rupture)?

Assuming all the variables are known precisely (i.e., determi-
nistic model), the time to leak can be assessed directly without any
uncertainty (except for model uncertainty, of course). In reality,
many of the parameters contributing to the leakage and failure of
a pipe are unknown, and hence described as uncertain or random
variables. Because of the complexity of the problem, the solution is
also generally obtained through numerical simulations with their
own challenges and limitations. This then raises the secondary, and
perhaps more important question confronted in this paper

What is the uncertainty or confidence in the estimated time (or
probability) of leak?

2.3. Input variable uncertainty

Describing any of the model parameters in Eq. (1) as uncer-
tain variables implies that the model output, i.e. time to leak, also
becomes an uncertain or random variable. While the computational
model may  be highly complex mathematically (which is not the
case here), probabilistically this is referred to as a basic or first-order
random variable model. As shown in Fig. 1, this means the addition
of one or more (constant) probability distribution parameters (e.g.,
˛, ˇ) to the problem by each of the uncertain input variables.

In some cases, the new distribution parameters themselves may
be subject to uncertainty, and hence described as random variables.
As shown in Fig. 1, this adds a second layer (i.e., second-order)
uncertainty to the problem, and introduces additional parameters
(referred to as hyperparameters in the Bayesian context) to be esti-
mated.

Given the prescribed distributions and their parameters, the
main challenge then is to determine the probability distribution of
the model output (i.e., time to leak), which would not only reflect
the combined influence of uncertainty of all the input variables, but
also quantify the relative contribution of aleatory and epistemic
uncertainties.
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