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The theoretical concepts of graphs are highly utilized by computer science applications, social sciences,
and medical sciences, especially in computer science for applications such as data mining, image seg-
mentation, clustering, image capturing, and networking. Fuzzy graphs, bipolar fuzzy graphs and the
recently developed m-polar fuzzy graphs are growing research topics because they are generalizations of
graphs (crisp). In this paper, three new operations, i.e., direct product, semi-strong product and strong
product, are defined on m-polar fuzzy graphs. It is proved that any of the products of m-polar fuzzy
graphs are again an m-polar fuzzy graph. Sufficient conditions are established for each to be strong, and it
is proved that the strong product of two complete m-polar fuzzy graphs is complete. If any of the
products of two m-polar fuzzy graphs G; and G, are strong, then at least G; or G, must be strong.
Moreover, the density of an m-polar fuzzy graph is defined, the notion of balanced m-polar fuzzy graph is
studied, and necessary and sufficient conditions for the preceding products of two m-polar fuzzy
balanced graphs to be balanced are established. Finally, the concept of product m-polar fuzzy graph is
introduced, and it is shown that every product m-polar fuzzy graph is an m-polar fuzzy graph. Some
operations, like union, direct product, and ring sum are defined to construct new product m-polar fuzzy
graphs.
Copyright © 2015, Far Eastern Federal University, Kangnam University, Dalian University of Technology,
Kokushikan University. Production and hosting by Elsevier B.V. This is an open access article under the CC
BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
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1. Introduction introduced by Bhutani in Ref. [3]. Several researchers have worked

on fuzzy graphs. Samanta and Pal introduced several types of fuzzy

Presently, science and technology is characterised by complex
processes and phenomena for which complete information is not
always available. For such cases, mathematical models are devel-
oped to handle various types of systems containing elements of
uncertainty. A large number of these models is based on fuzzy sets.
Graph theory has numerous applications to problems in computer
science, electrical engineering, systems analysis, operations
research, economics, networking routing, and transportation.
Considering the fuzzy relations between fuzzy sets, Rosenfeld [18]
introduced the concept of fuzzy graphs in 1975 and later developed
the structure of fuzzy graphs. Mordeson and Nair [15] defined the
complement of fuzzy graphs, which was further studied by Sunitha
and Kumar [21]. The concepts of weak isomorphism, co-weak
isomorphism and isomorphism between fuzzy graphs was
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graphs, such as fuzzy planar graphs [29], fuzzy competition graphs
[26,27], fuzzy tolerance graphs [22], and fuzzy threshold graphs
[23]. Some more work on fuzzy graphs can be found on [4,12,16,17].

In 1994, Zhang [31—33] developed the concept of bipolar fuzzy
sets as a generalization of fuzzy sets. The idea behind such
description is connected with the existence of “bipolar informa-
tion” (i.e., positive information and negative information) about the
given set. Positive information represents what is granted to be
possible, whereas negative information represents what is
considered to be impossible. In 2011, using the concepts of bipolar
fuzzy sets, Akram [1] introduced bipolar fuzzy graphs and defined
different operations. Using this definition of bipolar fuzzy graphs,
research is ongoing. Some work on bipolar fuzzy graphs may be
found on [6,7,24,25,28,30]. Talebi and Rashmanlou [2] studied the
complement and isomorphism of bipolar fuzzy graphs. Rashman-
lou et al. [19,20] studied bipolar fuzzy graphs and bipolar fuzzy
graphs with categorical properties.

In 2014, Juanjuan Chen et al. [5] introduced the notion of m-
polar fuzzy sets as a generalization of bipolar fuzzy sets and showed
that bipolar fuzzy sets and 2-polar fuzzy sets are cryptomorphic
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mathematical notions and that we can obtain one from the other.
The idea behind this is that “multipolar information” (not just bi-
polar information, which corresponds to two-valued logic) exists
because data of real world problems sometimes come from mul-
tiple agents. For example, the exact degree of telecommunication
safety of mankind is a point in [0,1]" (n=7x10°) because different
persons have been monitored different times. There are many other
examples, such as truth degrees of a logic formula that are based on
n logic implication operators (n>2), similarity degrees of two logic
formulas that are based on n logic implication operators (n>2),
ordering results of a magazine, ordering results of a university, and
inclusion degrees (accuracy measures, rough measures, approxi-
mation qualities, fuzziness measures, and decision preformation
evaluations) of a rough set.

Ghorai and Pal [8] introduced the notion of generalized m-polar
fuzzy graphs as a generalization of bipolar fuzzy graphs and defined
different operations. In Ref. [9], they studied the complement and
isomorphism of m-polar fuzzy graphs. Because of the importance of
m-polar fuzzy graphs mentioned in Refs. [8,9], we investigated m-
polar fuzzy graphs. In this paper, three new operations are defined
on the m-polar fuzzy graph, including direct product, semi-strong
product and strong product. Any of the products of m-polar fuzzy
graphs are again an m-polar fuzzy graph. Sufficient conditions are
established for each one to be strong, and it is proved that the
strong product of two complete m-polar fuzzy graphs is complete. If
any of the products of two m-polar fuzzy graphs G; and G, are
strong, then at least G; or G must be strong. Moreover, the density
of an m-polar fuzzy graph is defined, the notion of balanced m-
polar fuzzy graphs is studied, and the necessary and sufficient
conditions for the preceding products of two m-polar fuzzy
balanced graphs to be balanced are established. Finally, the concept
of product m-polar fuzzy graphs is introduced, and it is proved that
every product m-polar fuzzy graph is an m-polar fuzzy graph. Some
operations, like union, direct product, and ring sum, are defined to
construct new product m-polar fuzzy graphs.

2. Preliminaries

In this section, we recall some definitions of fuzzy graphs, m-
polar fuzzy sets, and m-polar fuzzy relations, which are defined
below. For further study, see Refs. [5,8,9,11,13—15].

Definition 2.1. [15] A fuzzy graph with V as the underlying set is a
triplet G = (V,o,u), where o:V — [0,1] is a fuzzy subset of V and
w:V x V — [0,1] is a fuzzy relation on g, such that u(x,y) < a(x) A a(y)
for all x,y € V, where A stands for the minimum.
The underlying crisp graph of G is denoted by G* = (¢*,u*
={x € Vig(x) > 0} and u* = {(x,y) € VxV:u(xy) > 0}.

Definition 2.2. [10] A fuzzy graph G = (V,o,u) is complete if
wxy) = a(x) A a(y) forallxy € V.

The main purpose of this paper is to study m-polar fuzzy graphs
based on m-polar fuzzy sets, which is defined below.

Throughout the paper, [0,1]™ (m-power of [0,1]) is considered to be
a poset with point-wise order <, where m is a natural number. < is
defined by x <y< for each i = 1.2,...m; pi(x) < pi(y) where
x,y € [0,1]™ and p;:[0,1]™ — [0,1] is the i-th projection mapping.
Definition 2.3. [5] An m-polar fuzzy set (or a [0,1]™-set) on X is a
mapping A:X — [0,1]™. The set of all m-polar fuzzy sets on X is denoted
by m(X).
Definition 2.4. [8] Let A and B be two m-polar fuzzy sets in X. Then

AUB and AnB are also m-polar fuzzy sets in X defined by:
pie (AuB((x) = {pi°A(x)vp;°B(x)} and

), where

pi°(AnB)(x) = {pjcA(X)Ap;°B(x)} fori=12,...,mand x € X
(v stands for maximum).
A<B if and only if for each i = 12,...
pi°A(x) < pi°B(x).
A = B if and only if for each i = 12,...

Pi°A(X) = pi°B(x).

Definition 2.5. [8] Let A be an m-polar fuzzy set on a set X. An m-
polar fuzzy relation on A is an m-polar fuzzy set B of X x X such that
B(x,y) < min{A(x),A(y)} forall x,yeX i.e., for each i = 1,2,...,m, for all
xy € X, pieB(x,y) < min{p;°A(x).pi°A(y)}.

An m-polar fuzzy relation B on X is called symmetric if
B(x,y) = B(yx) for all x,y  X.

Definition 2.6. [10]| The semi-strong product of two fuzzy graphs

= (ou1) and Gy = (o2,u2) of the graphs Gi* = (V4,E1) and
Gy* = (Vo,Ez), where it is assumed that VinV, = @, is defined to be the
fuzzy graph G1eGy = (g1e02,u1eu2) Of the graph G* = (V1 x V,,E)
respectively, such that E = {(u,vy)(u,v)|lueVy,viv, €Ex }u{(uq,vq)
(uz,v2)|nuz €Ey, v €E3},

(01 @ 02)(U,v) = o1 (U)Acz(v) for all (u,v)EVy x V5,

(11 @ u2) (U, v1)(4,v2)) = o1 (u)Auz (v1v2) and

(1 p2)((ur,v1) (U2, v2)) = pq (Urliz)Auz (v102).
Definition 2.7. [10] The strong product of two fuzzy graphs
G = (owu1) and Gy = (o2.u2) of the graphs G = (V4,E;) and
G, = (V,Ey) respectively, where it is assumed that VinV, = @, is
defined to be the fuzzy graph G1 ® G, = (01 ® a3, uq ® uy) of the graph
G* = (Vi x VRFE), such that E = {(u,v1)(u,vy)|ueVy, iy €Er}

m and x € X,

om and x € X,

U{(ug, w)(uz, w)|we Vo, ugup E1 Ju{(ug, v1)(Uz, v2) U Up EE,
€6},

(o1 ®03)(U,v) = a1 (U)Acy (v) for all (u,v) € Vix Vs,

(1 ®ua) (U, v1) (U, v2)) = a1 (U)Au2 (v172),

(11 ® p)((ug, W) (Uz, W)) = a2(W)Auq (UrUz) and

(1 ®u2) (U1, v1)(Uz,v2)) = py (UgU)Auz(v1v2).
Definition 2.8. [10] The direct product of two fuzzy graphs
Gi1 = (o1u1) and Gy = (o2.u2) of the graphs G} = (Vq,E;) and
G5 = (V3,E>) respectively, such that VinV, = @, is defined to be the
fuzzy graph GinG, = (oMo, u1Muy) of the graph G* = (V1 x V,,E),
such that E = {(Ll1 s v1)(u2, v2)|u1 U, €Eq, 11y EEz},

(a1Ma2) (U, v) = a1 (W)Acy(v)for all (u,v) € Vi x Vy, and

(m1Mu2) (U1, v1)(Uz, v2)) = py(UrU2) A2 (V1v2).

For a given set V, define an equivalence relationonV x V — {(x,x) :
x€V} as follows:

(%1.y1) ~ (x2,y2) & either (x1y1) = (x2.y2) or X1 =y and y1 = xa.

The quotient set obtained in this way is denoted by V2, and the
equivalence class that contains the element (x,y) is denoted as xy or yx.

Throughout this paper, G* represents a crisp graph, and G is an m-
polar fuzzy graph of G*.

3. m-polar fuzzy graphs

In this section, we briefly recall some basic definitions related to
m-polar fuzzy graphs.

Definition 3.1.
pair G =
B:V2—[0,1™
i = 12,..,m; p;j°B(xy) < min{p;°A(x),p;°A(y)} for all xyeV? and
B(xy) = 0 for all xyeV? — E, (0 =
[01]™).

A is called the m-polar fuzzy vertex set of G, and B is called the m-
polar fuzzy edge set of G.

[8] An m-polar fuzzy graph of a graph G* = (V,E) is a
(A,B) where A:V — [0,1]™ is an m-polar fuzzy set in V and

is an m-polar fuzzy set in V2, such that for each

(0,0,...,0) is the smallest element in
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