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a b s t r a c t

This paper proposes a unified model to estimate the in-situ small strain shear modulus of clays, silts,
sands, and gravels based on commonly available index properties of soils. We developed a model to
predict the laboratory small strain shear modulus (Gmax,lab) using a mixed effects regression of a database
that contains 1680 tests on 331 different soils. The proposed model includes the effect of void ratio,
effective confining stress and overconsolidation ratio as well as plasticity index, fines content, and
coefficient of uniformity. We compiled a second database to estimate the in-situ small strain shear
modulus (Gmax,in-situ) from laboratory (Gmax,lab) measurements. This study validated and compared the
resulting model with other existing models using a third database of measured Gmax,in-situ values. The
residuals of the proposed model had a mean and median closer to zero and the smallest standard de-
viation of all the models considered. By including a statistical description of the residuals, this work
allows uncertainty of the small strain shear modulus to be included in probabilistic studies.

& 2016 Published by Elsevier Ltd.

1. Introduction

The small strain shear modulus (Gmax) of soils is an essential
element in many aspects of geotechnical earthquake engineering.
At strains smaller than the linear cyclic threshold shear strain, γtl,
soils exhibit linear elastic behavior and the shear modulus is
considered to be a constant maximum value, Gmax [1]. The in-situ
small strain shear modulus can be estimated from in-situ shear
wave velocity (Vs) measurements using ρ= ×G Vmax s

2, where ρ is the
density of the soil. In-situ tests are costly and time consuming
compared with simple laboratory index tests performed on bore-
hole cuttings that measure soil characteristics such as plasticity
index, coefficient of uniformity and water content, among others.
In addition, depending on the method used, in-situ tests may
measure an average Vs value for large volumes of soil and miss
variations in Vs due to thin layers.

Given the importance of Gmax and the relative scarcity and cost
of in-situ seismic measurements, many researchers have devel-
oped empirical relations to estimate Gmax based on results from
dynamic laboratory tests (e.g. [2,3,4]). Results from laboratory
tests generally give lower values of Gmax than in-situ tests due in
part to sample disturbance, loss or lack of cementation and soil

structure, and the effect of confinement time [5,6]. It is common
practice to adjust the results from empirical models developed
from laboratory results with a constant factor (e.g. Chiara and
Stokoe [7]) or a time dependent factor (e.g. Anderson and Stokoe
[8]) to account for the discrepancy between in-situ and laboratory
values of Gmax.

Most existing models focus on small databases of particular soil
types (e.g., sands from a given location). As a result, these equa-
tions are often only accurate for the soils for which they were
developed and for a narrow range of soil conditions. Although they
may be extremely useful for a specific application, they may not be
easily extended to a larger range of materials or conditions. Fur-
thermore, few models available in the literature provide a measure
of uncertainty of the prediction of Gmax. This paper presents a
unified model for estimating the in-situ small strain shear mod-
ulus of clays, silts, sands, and gravels that also provides a measure
of the uncertainty in Gmax that allows the model to be included in
probabilistic studies.

We developed the model in two phases. First, we developed a
model to predict the laboratory small strain shear modulus
(Gmax,lab) using a mixed effects regression for a relatively large
database of different soil types. Second, we collected a separate
database to estimate the in-situ small strain shear modulus
(Gmax,in-situ) from Gmax,lab. We chose this approach rather than
creating a model for Gmax,in-situ directly because in laboratory tests
soil parameters are known exactly and their effect on Gmax can be
easily isolated and tested. In addition, the resulting model for
Gmax,lab can then be compared with existing models for Gmax,lab.
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Finally, we validated and compared the model against a third
database and versus four other models to estimate Gmax.

2. Database for Gmax,lab

This work compiled laboratory measurements of Gmax,lab from
1680 tests on 331 different soils from 28 studies. Table 1 lists the
references of the collected database, as well as the test type (e.g.,
resonant column), sample type (i.e., undisturbed, reconstituted),
and soil type (e.g., clay). Fig. 1a shows the distribution of soil types
in the Gmax,lab database according to their USCS classification and
whether the soil was an ‘undisturbed’ sample or reconstituted in
the laboratory, Fig. 1b shows the distribution of the number of
tests according to general soil type, Fig. 1c shows the mean ef-
fective confining pressure (s′m) versus void ratio (e) distribution
for all of the tests, and Fig. 1d plots the liquid limit (LL) versus the
plasticity index (PI) for all of the cohesive soils in the database.

The PI and USCS designation were known for each of the 331
soils, however, the fines content (FC) was known for only 212 soils.
When no fines content information was available for a given soil,
we used the average value of the USCS designation as an estimate.
Specifically, we used FC¼2.5% for clean coarse grained soils (SW,
SP, GW, and GP); FC¼8.5% for coarse grained soils with dual
classification (e.g., SP-SM); FC¼31% for soils with USCS designa-
tions of SM, SC, GM, and GC; and FC¼75% for fine-grained soils
(i.e., ML, MH, CL, and CH).

The coefficient of uniformity (Cu) was known only for soils with
FCo50%, and only 102 of the 331 soils reported the mean grain
size (D50). There was not enough data regarding the number of
loading cycles, excitation frequency, confinement time, or other
parameters to estimate their effects on Gmax,lab. However, Dar-
endeli [6] and Lanzo et al. [9] reported that the number of loading
cycles has a negligible effect on Gmax,lab of cohesive soils, while
Alarcon-Guzman et al. [10] and Lo Presti et al. [11,12] reported
similar observations for cohesionless soils. Darendeli [6] also re-
ported that the effect of excitation frequency on Gmax,lab was re-
latively small, about a 10% increase in Gmax,lab for every order of
magnitude increase in excitation frequency. The effect of confining
time was assumed to be relatively small for the Gmax,lab database
because a majority of the tests were either conducted at confining
pressures greater than in-situ pressures or were from recon-
stituted samples using relatively short confining times.

3. Mixed effects regression model for Gmax,lab

Previous studies derived models for Gmax,lab using least squares
regression, which gives equal weight to each test. This method of
analysis is appropriate when regression is done on a single soil or
when there are an equal number of tests per soil. In the Gmax,lab

database used in this study there are soils with more than 20 tests
and soils with only three recorded tests. Therefore, it is not appro-
priate to analyze the data with a least squares regression because it
would give a disproportionate weight to soils with significantly more
data. Instead, this work selected a mixed effects procedure [13] to
calculate the regression coefficients for the Gmax,lab model.

For mixed effects models, the error is divided into within group
error (ε) and between group error (η) terms. The within group and
between group error terms are assumed to be independent nor-
mally distributed with standard deviation ϕ and τ respectively.
The total standard deviation for the model is computed as
σ ϕ τ= +2 2 .

This work found that Gmax,lab followed a log normal distribu-
tion. The natural log of the within and between soil residuals were

found to be normally distributed per the χ2 test at a significance
level of 95%. All of the residuals and standard deviations are
therefore in natural log units. This work applied the mixed effects
model to the Gmax,lab database as:

( )ψ θ η ε= + + ( )⎡⎣ ⎤⎦ ⎡⎣ ⎤⎦ln G ln f , 1max lab i j i i j i i j, , , , ,

where Gmax,lab,i,j is the measured Gmax,lab of the ith soil and jth test,

( )ψ θf ,i i j, is the predictive model for Gmax,lab with soil parameters
ψi and test parameters θi,j, ηi is the between soil residual for the ith
soil and εi,j is the within soil residual for the ith soil and jth test.
Soil parameters ψi include PI, FC, D50, Cu, and sample type (re-
constituted or ‘undisturbed’). Test parameters θi,j include s′m, e,
overconsolidation ratio (OCR), and test type. Test types include
resonant column, torsional shear, cyclic triaxial, direct simple
shear, bender element, and flat plate dilatometer.

4. Development of the model to estimate Gmax,lab

The effect of void ratio on Gmax,lab was analyzed first by per-
forming a mixed effects regression for tests with OCR¼1 and
s′m¼1 atmosphere. This study determined coefficients for both

Table 1
Data compiled to develop Gmax,lab model.

References Test
typea

Sample
typeb

Soil(s) tested

Alarcon-Guzman et
al. [10]

RC R Ottawa 20–30, 50–70 Sand

Athanasapoulos [21] RC R Kaolinite
Bellotti et al. [22] DMT R Toyoura Sand
Borden et al. [23] TS, RC U Soils from North Carolina
Cavallaro et al. [24] RC U Fabriano Clay
Chung et al. [25] RC R Monterey Sand
Doroudian and
Vucetic [26]

DSS R Kaolinite

EPRI 1994 RC U, R Soils from California and Taiwan
Iwasaki and
Tatsuoka [17]

RC R Toyoura and Iruma Sand

Jovicic and Coop
[28]

BE R Ham River and Dog's Bay Sand

Kallioglou et al. [15] RC U, R Soils from Greece and Cyprus
Kokusho et al. [20] CT U Soils from Chiba, Japan
Kokusho [29] CT R Toyoura Sand
Lanzo and Pagliaroli
[30]

DSS U, R Augusta Clay

Lanzo et al. [9] DSS U Vasto Clay
Lo Presti et al. [12] RC R Toyoura and Quiou Sand
Lo Presti et al. 1993 RC R Ticino and Quiou Sand
Okur and Ansal [32] CT U Soils from Turkey
Nigbor [31]
(ROSRINE)

RC, DSS U, R Soils from California

S&ME Inc [34,33] TS, RC U Soils from Charleston, SC
Saxena and Reddy
1989

RC R Monterey Sand

Schneider et al. [35] RC U Piedmont Residual Soils
Seed et al. [36] CT R Oroville, Pyramid, Venado, Li-

vermore Gravels
Shibuya et al. [18] TS R Kiyohoro Clay and Kaolinite
Tika et al. [37] RC U Soils from Cyprus
Yamada et al. [38] TS U, R Japanese Clays
Yasuda and
Matsumoto [39]

TS R Toyoura Sand, Rockfill

Yasuda et al. [40] CT R Riverbed Gravel

a RC¼resonant column; TS¼torsional shear; CT¼cyclic triaxial; DSS¼direct
simple shear; BE¼bender element; DMT¼flat plate dilatometer.

b R¼reconstituted; U¼ ‘undisturbed’.
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