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a b s t r a c t

Based on limited amount of multivariate soil data Y, it is only possible to reliably estimate the marginal
distributions and the correlations. A common practical approach of constructing the multivariate proba-
bility distribution of Y is to transform Y into standard normal data X and construct the multivariate stan-
dard normal distribution for X. This method is called the translation method. Its success depends on
whether the Pearson product-moment correlations (dij) for X can be robustly estimated. This paper inves-
tigates the robustness for four methods of estimating dij. The emphasis is on the statistical uncertainty in
the estimated dij when the amount of soil data is limited. It is found that the well known method that
maps the Pearson correlations for Y to dij is the least robust, suffering the most significant statistical
uncertainty. The causes for this non-robustness are investigated. The two methods that map the
Spearman and Kendall rank correlations for Y to dij are quite robust. The method that converts Y to X
and directly estimates dij is also robust as long as the conversion is based on properly chosen marginal
distributions.

� 2016 Elsevier Ltd. All rights reserved.

1. Introduction

Geotechnical data are multivariate in their nature. For instance,
when borehole samples are drawn, SPT-N values are usually avail-
able; moreover, the information regarding unit weight, plasticity
index (PI), liquid limit (LL) and water content can be quickly
obtained through laboratory tests. Many of these test indices
may be simultaneously correlated to a design soil parameter such
as the undrained shear strength (su). Some multivariate soil data-
bases have been compiled in recent studies [2,4,6,8]and multivari-
ate probability distribution models have been constructed. Table 1
shows these databases, labeled as (soil type)/(number of parame-
ters of interest)/(number of data points). With the multivariate dis-
tribution models, these studies showed that it is possible to reduce
the uncertainty in the design soil parameter by incorporating mul-
tiple site investigation information. This reduction in uncertainty
can further translate to actual savings in design dimensions under
the reliability-based design framework [9]. This more explicit link
between site investigation efforts and possible design savings is a
distinctive and important subject in geotechnical engineering
[20,35,36].

In practice, it is not possible to construct the exact multivariate
distribution based on limited amount of data. The available infor-
mation is typically limited to the marginal distributions and the
correlations only [30,24]. Given the marginal distributions and
the correlations of a set of parameters of interest, the underlying
multivariate distribution is not unique [24]. A common practical
approach of constructing the multivariate distribution is to trans-
form the non-normal data into standard normal data and construct
the underlying multivariate normal distribution. To be specific, let

Y = (Y1, Y2, . . ., Yn) be the multivariate geotechnical parameters of
interest. In general, Yi is non-normal, and the following CDF
transform can be adopted to transform Yi into standard normal
variable Xi:

Xi ¼ U�1½FiðYiÞ� Yi ¼ F�1
i ½UðXiÞ� ð1Þ

where Fi is the cumulative density function (CDF) for Yi; U is the
standard normal CDF; U�1 is the inverse function for U; Fi�1 is the

inverse function for Fi. Furthermore, X = (X1, X2, . . ., Xn) is assumed
to follow the multivariate normal distribution with the Pearson
product-moment correlation dij between (Xi, Xj). This method of
constructing multivariate distribution has broad applications in
the literature [29,19,30,1,24]. It is called the ‘‘Nataf model” [31] in
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distribution” in Cario and Nelson [1], and the ‘‘translation method”
in Johnson [22] and Li et al. [24]. Some special cases of such models
include the multivariate lognormal model proposed by Johnson and
Ramberg [21] and the bivariate Johnson model proposed by Johnson
[22], which is later extended to the multivariate Johnson model by
Stanfield et al. [38]. For bivariate geotechnical data, the copula the-
ory has been widely used for constructing bivariate distributions
[25,26,28,27,39,40,41,18,17]. With the copula theory, it is possible
to go beyond the bivariate normal distribution framework. How-
ever, there are only limited studies applying copulas to multivariate
distributions with dimension more than 2 (n > 2), because only the
elliptical copulas (e.g., Gaussian copula and t copula) have practical
n-dimensional generalizations. The current study focuses on the
multivariate normal distribution framework. This multivariate nor-
mal distribution framework will be referred to as the ‘‘translation
method” and the multivariate model will be referred to as the
‘‘translation model” in the following.

The success of the translation model depends on whether the
marginal probability density functions (PDF) and the Pearson
product-moment correlations dij can be reliably estimated. The
goodness-of-fit of the marginal PDFs can be assessed through clas-
sical statistical tests such as the Chi-squared and K-S tests [12]. The
focus of the current paper is on the robust estimation of the Pear-
son correlation dij between each (Xi, Xj) pair. The translation
method is by no means a complete framework. Not every multi-
variate distribution can be represented as a translation model.
Therefore, the translation model should be considered as an
approximate albeit practical model. Li et al. [24] investigated the
performance of the translation model in approximating a non-
translation model. The main goal was to verify the effectiveness
of the translation model when the target multivariate distribution
model is beyond the multivariate normal framework. Nonetheless,
the purpose of the current paper is different. The purpose is to
investigate the statistical uncertainty in the estimated dij. Due to
the limited amount of the geotechnical data, the estimated dij is
not identical to the actual dij. The discrepancy is the statistical
uncertainty. In this study, four methods of estimating dij will be
investigated. The one with the least statistical uncertainty should
be considered as the most robust method. Note that these four
methods will produce the same correlation coefficients if the data
are produced by a translation model and the sample size is infi-
nitely large.

To conduct this investigation, a translation model that is within
the multivariate normal framework with marginal PDFs and corre-

lation matrix is adopted to simulate Y data. This translation model
was constructed by Ching and Phoon [2] based on the database

CLAY/5/345 in Table 1. The simulated Y data are adopted to esti-
mate dij by the four methods. The discrepancy between the actual
and estimated dij can then be quantified, and conclusions regarding
the robustness of each method will be given. To confirm the appli-
cability of the conclusions with respect to real soil databases, fur-
ther comparisons among the four methods will be conducted for
the four real soil databases shown in Table 1.

2. Methods for estimating dij

In the literature, there are at least four methods for estimating
dij. They are denoted by Method P, Method S, Method K, and
Method XP below:

1. Method P. This method is the most common method adopted in
the literature (e.g., [29,30,1,25]. It is based on the Pearson
product-moment correlation between (Yi, Yj), denoted by qij,
which can be estimated using the following equation:

qij �
1
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where the superscript (k) is the sample index; mi is the sample
mean of Yi; N is the total number of data points. To implement
Method P, qij is first estimated from the soil data of (Yi, Yj), then
dij can be found by solving the following integral equation
[29,30,25]:

qij ¼
Z 1

�1

Z 1

�1

F�1
i ½UðxiÞ� � li

ri

 !
F�1
j ½UðxjÞ� � lj

rj

 !

� 1
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ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� d2ij

q exp � x2
i � 2dijxixj þ x2

j

2ð1� d2ijÞ

( )
dxidxj ð3Þ

where li and ri are the mean value and standard deviation for Yi. If
(Y1, Y2, . . ., Yn) are multivariate lognormal, i.e., Yi = exp(Xi), Eq. (3)
has the following analytical form:

dij ¼
ln 1þ qij � ðri=liÞ � ðrj=ljÞ
h i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ln 1þ ðri=liÞ2
h ir

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ln 1þ ðrj=ljÞ2
h ir ð4Þ

2. Method S. This method is adopted in Li et al. [24]. It is based on
the Spearman rank correlation between (Yi, Yj), denoted by rij,
which is defined to be the Pearson correlation between [Fi(Yi),
Fj(Yj)], where Fi is the CDF for Yi. rij can be estimated as the Pear-
son correlation between the ranks of (Yi, Yj), namely using Eq.
(2) but the (Yi, Yj) data are replaced by their ranks. Because
Fi(Yi) =U(Xi) (see Eq. (1)), it is clear that the Pearson correlation
between [Fi(Yi), Fj(Yj)] is identical to that between [U(Xi),
U(Xj)]. This implies that the Spearman correlation between
(Yi, Yj) is identical to that between (Xi, Xj). Moreover, for
bivariate normal (Xi, Xj), their Pearson and Spearman correla-
tions are related by the following equation [16]:

dij ¼ 2 sin
p
6
� rij

� �
ð5Þ

Eq. (5) does not apply to any bivariate distribution, although the
error of doing so has not been studied due to the difficulty of
simulating genuinely non-normal multivariate data, i.e., data that
deviate significantly from those produced by the Nataf or

Table 1
Soil databases.

Database Reference Parameters of interest # sites/studies Marginal PDF Method of determining dij

CLAY/5/345 Ching and Phoon [2] LI, su, sure, r0
p, r0

v 37 sites Lognormal Method XP
CLAY/6/535 Ching et al. [8] su/r0

v, OCR, (qt � rv)/r0
v, (qt � u2)/r0

v, (u2 � u0)/r0
v, Bq 40 sites Johnson Method XP

CLAY/7/6310 Ching and Phoon [4] su under 7 different test modes 164 studies Lognormal Method XP
CLAY/10/7490 Ching and Phoon [6] LL, PI, LI, r0

v/Pa, r0
p/Pa, su/r0

v, St, (qt � rv)/r0
v, (qt � u2)/r0

v, Bq 251 studies Johnson Method XP

LL: liquid limit; PI: plasticity index; LI: liquidity index; su: undrained shear strength; sure: remolded su; r0
p: preconsolidation stress; r0

v: vertical effective stress; rv: vertical
total stress; OCR: overconsolidation ratio; qt: corrected cone tip resistance; u2: pore pressure behind the cone; u0: static pore pressure; Bq: CPTU pore pressure parameter; Pa:
one atmosphere pressure; St: sensitivity. Method XP refers to the method of estimating the Pearson moment-product correlation (dij) by transforming the non-normal soil
data into standard normal variables.
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