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In order to address challenges in performing importance sampling in a high dimensional space of random
variables, the paper develops a cross-entropy-based adaptive importance sampling technique that
employs a von Mises-Fisher mixture as the sampling density model. By small-size pre-samplings, the
proposed approach first finds a near-optimal sampling density by minimizing the Kullback-Leibler cross
entropy between a von Mises-Fisher mixture model and the absolute best importance sampling density.
To facilitate the minimization process, updating rules for parameters of the von Mises-Fisher mixture
model are derived. Various practical issues associated with the updating rules are discussed and heuristic
rules to improve the performance of the importance sampling are introduced. At the stage of final sam-
pling, two slightly different sampling strategies are proposed to provide analysis options. Three numer-
ical examples are investigated to test and demonstrate the proposed importance sampling method. The
numerical examples show that the proposed approach, applicable to both component and system relia-
bility problems, has superior performance for high dimensional reliability analysis problems with low
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1. Introduction

An important goal of reliability analysis is to determine the
probability that a prescribed performance requirement of a system
is satisfied, given that certain parameters associated with the sys-
tem capacity and/or demand are stochastic. In engineering practice
the performance of a system is often estimated by computationally
demanding numerical algorithms, thus the limit-state surface in
the random variable space may be not only complex but also
implicitly defined. Due to the complex topology of limit-state sur-
faces, analytical solutions of reliability problems either at compo-
nent or system level are usually unavailable. As a result,
approximate reliability methods such as first- and second-order
reliability methods (FORM and SORM) [1,2], response surface
methods (RSM) [3-11], and various sampling techniques [12-15]
have gained wide popularity.

Compared with other reliability methods, sampling-based
methods have the benefits of avoiding errors from approximations
of limit state surfaces, being insensitive to the complexity of limit-
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state functions, and being straightforward to implement. However,
since many practical structural reliability problems are character-
ized by low failure probabilities, the brute force Monte Carlo sam-
pling (MCS) scheme based on the original or transformed joint
probability density function may become computationally ineffi-
cient. As a result the importance sampling (IS) has been developed
as an efficient alternative for structural reliability analysis. One
widely used IS scheme is to employ a Gaussian joint density whose
mean is located at the design point as the IS density. However, this
approach becomes inefficient or inaccurate when there are multi-
ple design points or critical regions in the random variable space.
Moreover, this approach in general does not work well for high
dimensional reliability problems [15,16].

Another attractive IS scheme is the cross-entropy-based adap-
tive importance sampling (CE-AIS) [17,18]. The CE-AIS obtains a
near-optimal IS density by minimizing the Kullback-Leibler cross
entropy using pre-samples. The cross entropy is used as a measure
of the difference between the absolute best IS density and the cur-
rent IS density model. Recently, a notable CE-AIS approach [18]
was proposed, in which a Gaussian mixture (GM) model was
employed as the IS density model to enhance the adaptability to
the complex shape of the absolute best IS density of component
and system reliability problems. It has been shown that this
CE-AIS-GM performs well for reliability problems with dimensions
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up to 50. However, it was found that CE-AIS-GM practically does
not work well for high dimensional problems with dimensions
higher than 100. In fact, there are reasons to expect that Gaussian
based IS density models would not work properly for high dimen-
sional reliability analysis. This perspective will be discussed in
detail in the subsequent sections.

To address challenges in performing importance sampling in
high dimensional space of random variables, this paper proposes
a CE-AIS technique employing a von Mises-Fisher mixture as the
IS density model. After providing a brief review of properties of
high dimensional standard normal space, the sampling scheme in
polar coordinates is discussed and formulated. Based on the formu-
lation, a CE-AIS method using a von Mises-Fisher mixture (VMFM)
is developed and rules for updating parameters of vMFM based on
pre-samples are derived. Various practical issues associated with
the updating are discussed and heuristic rules are introduced to
improve the performance of the proposed importance sampling
method. At the stage of final sampling, two slightly different sam-
pling strategies of CE-AIS-vMFM are proposed to offer analysis
options. Three numerical examples illustrate the accuracy and effi-
ciency of the proposed CE-AIS-vMFM approaches.

2. Properties of high dimensional standard normal space

Consider an n dimensional standard normal space, which one
can achieve for a given structural reliability problem through a
proper transformation [2], the distance from the origin in the
space, r follows the y-distribution with n degrees of freedom. If n
is relatively large, the probability density function (PDF) of the y-
distribution will be concentrated around r = /n. Fig. 1 shows the
probability density function (PDF) of r — \/n for several selected
values of n. It is seen that as n increases, the distribution of r
approaches a normal distribution concentrated around /. In fact,
ifn — oo, y, ® N(v/n,1/2) [16,19], that is, if the dimension n is suf-
ficiently large, the distance from the origin can be approximated by
a normal distribution with mean /n and variance 1/2. The afore-
mentioned observation indicates that almost all probability infor-
mation of a high dimensional standard normal space is captured
by a relatively narrow “important ring” region with radius v/n + ¢
where ¢ is a small perturbation. For example, for n = 400, more
than 95% of the probability is contained within the ring of width
20 + 1 and more than 99.99% is contained within the ring of width
20 £ 2. Since v/n + ¢ is relatively large and most realistic structural
reliability problems have a reliability index of the order 2-6, the
failure domain of most practical structural reliability problems
would intersect the important ring. Consequently, for successful
application of a reliability method (e.g. first-order or second-
order reliability method (FORM/SORM), response surface or sam-
pling) to high dimensional problems, it is critical to capture the
intersection between the important ring and the failure domain.
In other words, it is important to characterize a subset of the
important ring for effective reliability analysis in high dimensional
problems.

There is no absolute definition of high dimension. However, for
this study it seems reasonable to define high dimension in terms of
the coefficient of variation (c.0.v.) of the y-distribution, which is
expressed as

rE)\ 3

o)

cy(n) = (1)
where I'() is the gamma function. The variation of ¢, with dimen-
sions is illustrated in Fig. 2. Now high dimension can be defined as a
dimension n which satisfies

Fig. 1. PDF of y-distribution for various dimensions.
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Fig. 2. Variation of ¢, with dimension.

¢,(n) < Tol (2)

where Tol is a prescribed tolerance on the c.o.v. For example, if
Tol = 0.1, high dimension is defined as n > 51; if Tol = 0.05, the
definition is n > 201. In this paper, we regard high dimension as
n > 100, which corresponds to the tolerance of c.o.v. = 0.07.

3. Importance sampling for high dimensional reliability
analysis

The failure probability of a reliability problem defined in the n-
dimensional standard normal space can be described in terms of
the distance from the origin, i.e.

Pr = /0OC 0(r)f,(rydr (3)

in which f, (r) is the PDF of the y-distribution with n degrees of free-
dom representing the random distance from the origin, and 6(r) is
the failure ratio of the hypersphere surface area with radius r. The
failure ratio 6(r) represents the percentage of the surface area of
the hypersphere with radius r that belongs to the failure domain.
Note that in a standard normal space points on a hypersphere is
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