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a b s t r a c t

In this paper, a fast Bayesian methodology is presented for structural model updating utilizing modal
information from multiple setups. A two-stage fast Bayesian spectral density approach formulated
recently is firstly employed to identify the most probable modal properties as well as their uncertainties.
The model updating problem is then formulated as one minimizing an objective function, which can
incorporate statistical information about local mode shape components corresponding to different setups
automatically, without prior assembling or processing. A fast analytic-iterative scheme is proposed to
efficiently compute the optimal parameters so as to resolve the computational burden required for
optimizing the objective function numerically. The posterior uncertainty of the model parameters can
also be derived analytically and the computational difficulty in estimating the inverse of the high
dimensional Hessian matrix required for specifying the covariance matrix is also properly tackled. The
efficiency and accuracy of all these methodologies are verified by numerical examples.

� 2014 Elsevier Ltd. All rights reserved.

1. Introduction

Vibration-based damage detection has received enormous
amount of attention since it is able to provide a global approach
to evaluate the structural condition [1]. Over the past few decades,
a wide variety of structural damage detection methods has been
developed, which culminates in various papers [2,3]. Based on
their dependency or not on an analytical model, vibration-based
damage assessment methods are usually divided into model-free
and model-dependent ones [4]. The model free methods might
be able to detect and locate structural damage, but they are not
likely to establish structural damage severity. On the contrary,
the model-dependent approaches are expected to achieve the goal
of determining the existence of structural damage, establishing the
damage location, and the severity of damage. The common princi-
ple for the model-based approaches is to determine the structural
model parameters before and after a possible damage from mea-
sured dynamic responses. As a result, they usually require solving
the inverse problem given some measured data by employing
structural model updating methodologies [5].

Most of the model-dependent approaches fail to accommodate
various kinds of uncertainties. For example, the structures under

consideration are usually assumed to be well characterized by
initial analytical models, while a sufficiently large amount of mea-
surements with low level of noise are assumed to be available for
model updating. The approaches under these assumptions are more
likely to produce poor results when applied in realistic scenarios in
practice. Therefore, the problem on how to treat the uncertainties
explicitly arises and is recognized as an important issue that needs
to be addressed [6]. In this regard, stochastic model updating has
gained increasing popularity in both theory development and prac-
tical applications. The minimum variance method [7], random
matrix theory method [8], covariance matrix adjustment method
[9], Interval model updating approach [10,11], and perturbation
method [12] are all good examples of model updating methods
dealing with various kinds of uncertainties. Another novel school
of thoughts for statistical inference and uncertainty quantification
is the Bayesian framework, since it is capable of finding the plausi-
ble structural damage extents as well as their probabilities given a
model of the structural system and the measured data [13]. Using
the Bayesian statistical framework, a number of probabilistic model
updating approaches has been proposed based on identified modal
parameter data sets [5,14–19]. Though significant progress has
been achieved, full-fledged applications of Bayesian approaches in
structural probabilistic model updating are still in their infancy.
In particular, it is highly non-trivial to propagate the various
uncertainties when updating the parameters of the finite element
model, a process which is usually very demanding in terms of
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computational effort. In conventional Bayesian model updating
procedures, the Bayesian spectral density approach [20] and Bayes-
ian FFT approach [21] are common choices for obtaining the most
probable modal properties and their uncertainties for given mea-
sured data and modeling assumptions. Unfortunately, computa-
tional difficulty has severely hindered their applications even for
a very moderate number of measured dofs. Therefore, more effi-
cient ambient modal analysis strategies need to be developed to
determine the posterior statistics of modal parameters.

In full-scale ambient tests, multiple setups sharing some refer-
ence sensors are usually employed due to practical difficulties in
deploying a very large number of sensors or due to limited instru-
mentation budget [22]. In some cases when computers available
have limited memory space and computational capacity or when
a distributed computation strategy is to be implemented under
the environment of a wireless sensor network, the huge amount
of data acquired synchronously by a single setup has also to be
divided into multiple setups and processed individually for each
setup. As a result, a group of natural frequencies and local mode
shape components corresponding to different setups is usually
available. The uncertainties of modal parameters vary across dif-
ferent setups due to the variability of signal quality under ambient
vibration conditions [23]. Therefore, the question on how to fuse
the posterior statistics of local modal information obtained from
different setups becomes an important issue in statistical model
updating. Few model updating approaches available are able to
incorporate statistical modal information from different setups
using an automated procedure. Conventionally, global mode
shapes ought to be assembled from different local mode shapes
prior to structural model updating. Most of the model updating
approaches can only make use of the optimal global mode shapes
and fail to utilize their uncertainty information. For these reasons,
there is still significant room to develop efficient Bayesian model
updating approaches so that the local modal information with
varying degrees of uncertainty from different setups can be ratio-
nally incorporated in an efficient and automated manner.

Structural model updating incorporating in a consistent manner
statistical modal information obtained from different setups is not
trivial. Several critical issues may arise in real implementation. In
general, local mode shape components estimated from different
setups may have different scaling factors as they are normalized
individually [22]. Also, more than one reference dof is required
when the reference dof has no significant frequency response in
some of the modes of interest. Moreover, in many cases there is
no single fixed reference sensor that is shared by all measured set-
ups. In this study, an advanced Bayesian statistical algorithm that
is able to treat the critical aforementioned difficulties is proposed.
Theoretical and computational issues of the Bayesian model updat-
ing problem are well addressed. The proposed method is able to
incorporate statistical modal information identified from multiple
setups into the model updating procedure automatically without
prior mode shape assembling or processing.

The manuscript of this study is organized as follows. Section 2
introduces a two-stage fast Bayesian spectral density approach
proposed recently to obtain the most probable modal parameters
as well as their uncertainties. The Bayesian model updating prob-
lem can then be formulated as one minimizing an objective func-
tion in Section 3. Section 4 presents a fast iterative scheme so as
to resolve the computational burden required for optimizing the
objective function numerically. In Section 5, the Hessian matrix
of the identified parameters is derived analytically. Moreover, the
computational difficulty in estimating the inverse of the high
dimensional Hessian matrix required for specifying the covariance
matrix of the model parameters is also properly addressed. Finally,
numerical examples are presented to illustrate the efficiency of the
proposed model updating method.

2. Posterior statistics of modal information obtained from
multiple setups

Recently, a breakthrough was made by Au [24–26] in the field of
ambient modal analysis to address the computational challenges of
the conventional Bayesian FFT approach [21] allowing to drasti-
cally increase the efficiency in computing the most probable values
as well as the corresponding posterior covariance matrix. Moti-
vated by the conventional Bayesian spectral density approach
[20] and the fast Bayesian FFT approach, a two-stage fast Bayesian
spectral density approach was formulated more recently, and will
be employed in this study for ambient modal analysis. The original
formulation can be found in [27,28] and only the main concept is
reviewed in this section.

Assume that there are ns sets of independent and identically dis-
tributed time histories for no measured dofs. Fast Fourier Transform
(FFT) of the response history yj at frequency point fk is denoted as
Yj(k) which approximately follows a complex normal distribution.
The covariance matrix of Yj(k) is denoted by Ck(#), a function of
the modal parameters # to be identified. Then the sum of sets of
spectral density matrix estimators Ssum

k ¼
Pns

j¼1YjðkÞY�j ðkÞ follows a
central complex Wishart distribution. Furthermore, it has been
proved that the trace of Ssum

k denoted by tr Ssum
k

� �
asymptotically fol-

lows a normal distribution when ns is large. The spectral density set
formed over the frequency band ½fk1 ; f k2

� is employed for ambient
modal analysis. There are two possible cases for each specified fre-
quency band, i.e., the case of separated modes with a single mode to
be identified, and the case of closely spaced modes with multiple
modes to be identified. For both cases, it has been proved that the
interaction between spectrum variables (frequency, damping ratio
as well as the spectral density of modal excitation and prediction
error) and the spatial variables (mode shapes) can be decoupled
so that they can be identified separately.

In the first stage, the spectrum variables can be separated from
the full set of parameters with the help of ‘fast Bayesian spectral
trace approach’ (FBSTA) by employing the statistical properties of
the sum of auto-spectral densities corresponding to different mea-
sured dofs. As a result, the optimal spectrum variables as well as
the covariance matrix can be identified by manipulating the fol-
lowing ‘negative log-likelihood function’ (NLLF),

L1ð#Þ ¼
1
2

Xk2

k¼k1

ln 2pnstr R C2
kð#Þ

� �� �� �

þ
Xk2

k¼k1

tr Ssum
k

� �
� nstrðCkð#ÞÞ

� �2

2nstr R C2
kð#Þ

� �� � ð1Þ

where Rð�Þ denote the real part of a complex matrix. Once the spec-
trum variables are extracted, the mode shapes as well as their
uncertainties can be identified in the second stage with the help
of ‘fast Bayesian spectral density approach’ (FBSDA). The most prob-
able mode shapes as well as their covariance matrix can be obtained
by manipulating the following NLLF,

L2ð#Þ ¼ ns

Xk2

k¼k1

ln jCkð#Þj þ
Xk2

k¼k1

tr C�1
k ð#ÞS

sum
k

� �
ð2Þ

where tr(�) and j � j denote the trace and determinant of a matrix,
respectively. As a result, the updated PDF of the identified parame-
ters can be well-approximated by a Gaussian PDF centered at the
optimal parameters with covariance matrix equal to the inverse of
the Hessian matrix of the NLLFs.

As mentioned in Section 1, the dofs of interest are usually
measured in different setups with common ‘reference’ dofs present
across different setups. In the first stage, the auto-spectral densities
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