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Graphical model processing is a central problem in artificial intelligence. The optimization 
of the combined cost of a network of local cost functions federates a variety of famous 
problems including CSP, SAT and Max-SAT but also optimization in stochastic variants 
such as Markov Random Fields and Bayesian networks. Exact solving methods for these 
problems typically include branch and bound and local inference-based bounds.
In this paper we are interested in understanding when and how dynamic programming 
based optimization can be used to efficiently enforce soft local consistencies on Global 
Cost Functions, defined as parameterized families of cost functions of unbounded arity. 
Enforcing local consistencies in cost function networks is performed by applying so-
called Equivalence Preserving Transformations (EPTs) to the cost functions. These EPTs may 
transform global cost functions and make them intractable to optimize.
We identify as tractable projection-safe those global cost functions whose optimization is 
and remains tractable after applying the EPTs used for enforcing arc consistency. We also 
provide new classes of cost functions that are tractable projection-safe thanks to dynamic 
programming.
We show that dynamic programming can either be directly used inside filtering algorithms, 
defining polynomially DAG-filterable cost functions, or emulated by arc consistency filtering 
on a Berge-acyclic network of bounded-arity cost functions, defining Berge-acyclic network-
decomposable cost functions. We give examples of such cost functions and we provide a 
systematic way to define decompositions from existing decomposable global constraints.
These two approaches to enforcing consistency in global cost functions are then embedded 
in a solver for extensive experiments that confirm the feasibility and efficiency of our 
proposal.
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1. Introduction

Cost Function Networks (CFNs) offer a simple and general framework for modeling and solving over-constrained and 
optimization problems. They capture a variety of problems that range from CSP, SAT and Max-SAT to maximization of 
likelihood in stochastic variants such as Markov Random Fields or Bayesian networks. They have been applied to a variety 
of real problems, in resource allocation, bioinformatics or machine learning among others [2,18,28,29,35,60,63].

Besides being equipped with an efficient branch and bound procedure augmented with powerful local consistency tech-
niques, a practical CFN solver should have a good library of global cost functions to model the often complex scenarios in 
real-life applications.

Enforcing local consistencies requires to apply Equivalence Preserving Transformations (EPTs) such as cost projection and 
extension [20]. Most local consistencies require to compute minima of the cost function to determine the amount of cost 
to project/extend. By applying these operations, local consistencies may reduce domains and, more importantly, tighten 
a global lower bound on the criteria to optimize. This is crucial for branch and bound efficiency. Global cost functions 
have unbounded arity, but may have a specific semantics that makes available dedicated polynomial-time algorithms for 
minimization. However, when local consistencies apply EPTs, they modify the cost function and may break the properties 
that makes it polynomial-time minimizable. We say that a cost function is tractable if it can be minimized in polynomial 
time. The notion of tractable projection-safety captures precisely those functions that remain tractable even after EPTs.

In this paper, we prove that any tractable global cost function remains tractable after EPTs to/from the zero-arity cost 
function (W∅), and cannot remain tractable if arbitrary EPTs to/from r-ary cost functions for r ≥ 2 are allowed. When 
r = 1, we show that the answer is indefinite. We describe a simple tractable global cost function and show how it becomes 
intractable after projections/extensions to/from unary cost functions. We also show that flow-based projection-safe cost 
functions [46] are positive examples of tractable projection-safe cost functions.

For r = 1, we introduce polynomially DAG-filterable global cost functions, which can be transformed into a filtering 
Directed Acyclic Graph with a polynomial number of simpler cost functions for (minimum) cost calculation. Computing 
minima of such cost functions, using a polynomial time dynamic programming algorithm, is tractable and remains tractable 
after projections/extensions. Thus, polynomially DAG-filterable cost functions are tractable projection-safe. Adding to the 
existing repertoire of global cost functions, cost function variants of existing global constraints such as Among, Regular,
Grammar, and Max/Min, are proved to be polynomially DAG-filterable.

To avoid the need to implement dedicated dynamic programming algorithms, we also consider the possibility of directly 
using decompositions of global cost functions into polynomial size networks of cost functions with bounded arities, usually 
ternary cost functions. We show how such network-decompositions can be derived from known global constraint decomposi-
tions and how Berge-acyclicity allows soft local consistencies to emulate dynamic programming in this case. We prove that 
Berge-acyclic network-decompositions can also be used to directly build polynomial filtering DAGs.

To demonstrate the feasibility of these approaches, we implement and embed various global cost functions using filtering 
DAG and network-decompositions in toulbar2, an open source cost function networks solver. We conduct experiments us-
ing different benchmarks to evaluate and to compare the performance of the DAG-based and network-based decomposition 
approaches.

The rest of the paper is organized as follows. Section 2 contains the necessary background to understand our contri-
butions. Section 3 analyses the tractability of enforcing local consistencies on global cost functions and characterizes the 
conditions for preserving tractability after applying EPTs. In Section 4 we define DAG-filtering and in Section 5 we give an 
example of a polynomial DAG-filterable global cost function. Sections 6 and 7 present network-decomposability and the 
conditions for preserving the level of local consistency. Section 8 shows the relation between network-decompositions and 
DAG-filtering. Section 9 provides an experimental analysis of the two approaches on several classes of problems. Section 10
concludes the paper.

2. Background

We give preliminaries on cost function networks and global cost functions.

2.1. Cost function networks

A cost function network (CFN) is a special case of the valued constraint satisfaction problem [62] with a specific cost 
structure ([0, . . . , �], ⊕, ≤). We give the formal definitions of the cost structure and CFN as follows.

Definition 1 (Cost Structure [62]). The cost structure ([0, . . . , �], ⊕, ≤) is a tuple defined as:

• [0, . . . , �] is the interval of integers from 0 to � ordered by the standard ordering ≤, where � is either a positive 
integer or +∞.

• ⊕ is the addition operation defined as a ⊕ b = min(�, a + b). We also define the subtraction � operator for any a and 
b, where a ≥ b, as:
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