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a b s t r a c t

An interval problem is a problem where the unknown variables take interval values. Such a problem can

be defined by interval constraints, such as ‘‘the interval ½a; b� � ½a; b�2’’. Interval problems often appear

when we want to analyze the behavior of an interval solver. To solve interval problems, we propose to

transform the constraints on intervals into constraints on their bounds. For instance, the previous

interval constraint ½a; b� � ½a; b�2 can be transformed into the following bound constraints

‘‘aZminða2; ab; b2Þ and brmaxða2; ab; b2Þ’’. Classical interval solvers can then be used to solve the

resulting bound constraints. The procedure which transforms interval constraints into equivalent bound

constraints can be facilitated by using symbolic interval arithmetic. While classical intervals can be

defined as a pair of two real numbers, symbolic intervals can be defined as a pair of two symbolic

expressions. An arithmetic similar to classical interval arithmetic can be defined for symbolic intervals.

The approach will be illustrated on several applications.

& 2009 Elsevier Ltd. All rights reserved.

1. Introduction

Interval analysis (Moore, 1979) is an efficient numerical tool to
solve nonlinear problems such as global optimization (Hansen,
1992), set characterization (Jaulin et al., 2001), etc. in a reliable
way. Although interval methods made it possible to solve
efficiently a large class of nonlinear punctual problems (i.e.,
problems where the solutions to be found are vectors or real
numbers), they also brought new questions and new problems
about the properties and the behaviors of the interval algorithms.
Most of these new problems can be cast into the framework of
interval problems, i.e., problems where the solution set is
composed with intervals or boxes.

This paper introduces symbolic intervals with its arithmetic.
The idea is similar to that of numerical interval computation: the
interval operations are replaced by operations on their bounds.
But for symbolic intervals, these operations are performed in a
symbolic way. This symbolic arithmetic will make possible to
transform an interval problem into a punctual problem in a
systematic way. The resulting punctual problem will then be
solved using classical numerical interval methods.

To our knowledge, the idea of applying interval arithmetic
rules in a symbolic way has never been proposed before. Of
course, in the context of interval methods, classic symbolic

calculus was already used to improve the efficiency of interval
solvers (see, e.g., van Emden, 1999), but the interval rules was only
applied on the numerical resolution, not on the symbolic part.

Section 2 shows how an interval problem can be transformed
into an equivalent punctual problem. Symbolic interval arithmetic
is introduced in Section 3. Section 4 presents some potential
applications of symbolic intervals. Most of them cannot be solved
with existing tools, to our knowledge. Section 5 concludes the
paper.

2. Interval problem and bound problem

2.1. Interval constraint

An interval ½x� is a closed bounded set of R. The set of all
intervals is denoted by IR. A box ½x� ¼ ½x1� � � � � � ½x1� of Rn is the
Cartesian product of n intervals. The set of all boxes of Rn is
denoted by IRn. An interval constraint is a function from IRn to
f0;1g, where 0 and 1 stand for false and true, respectively. An
example of interval constraint is

Cð½x�Þ : ½x1� � ½x2�; ð1Þ

where ½x� ¼ ½x1� � ½x2�. An interval constraint is monotonic if

½x� � ½y� ) ðCð½x�Þ ) Cð½y�ÞÞ:

For instance Cð½x�Þ ¼
def

tð0A ½x�Þ is monotonic.
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2.2. Intervalization function

Define the intervalization function i as follows:

i :

R2n-IRn
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The domain of i is
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Note that the bijection i between domðiÞ and IRn is a classical and
useful conceptual tool (see Kulpa, 2006) to develop original
interval algorithms. To an interval constraint Cð½x�Þ from IRn to
f0;1g we can define the corresponding bound constraint
C ðx Þ ¼ C3iðx Þ on the bound vector x AR2n:

C :

R2n-IRn-f0;1g
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For instance, to the interval constraint

Cð½x�Þ ¼
def
ð½x1� � ½x2�Þ;

we associate the following bound constraint:

C
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Symbolic intervals, to be presented in the following section, is a
new symbolic tool that makes possible to transform interval
problems into a problem on the bounds of the intervals.

3. Symbolic intervals

3.1. Definition

A symbolic interval is a pair, denoted by ½A�;Aþ �, of two
mathematical expression A� and Aþ . For instance

½sinðaþbÞ; a2þb�

is a symbolic interval. Its lower bound is the expression
A� ¼ sinðaþbÞ and its upper bound is the expression Aþ ¼ a2þb.

3.2. Operations

We define the operations on symbolic intervals as classical
interval operations, but in a symbolic way.

½A�;Aþ �þ½B�;Bþ � ¼ ½A�þB�;Aþ þBþ �;

½A�;Aþ � � ½B�;Bþ � ¼ ½A� � Bþ ;Aþ � B��;

½A�;Aþ � � ½B�;Bþ � ¼ ½minðA� � B�;A� � Bþ ;Aþ � B�;Aþ � Bþ Þ;
maxðA� � B�; . . .Þ�;

½A�;Aþ �2 ¼ ½maxð0; signðA� �Aþ ÞÞminððA�Þ2; ðAþ Þ2Þ;maxððA�Þ2; ðAþ Þ2Þ�;

expð½A�;Aþ �Þ ¼ ½expðA�Þ; expðAþ Þ�;

1=½A�;Aþ � ¼ ½minð1=Aþ ;1� ðA� �Aþ ÞÞ;maxð1=A�;�1 � ðA� �Aþ ÞÞ�;

½A�;Aþ � \ ½B�;Bþ � ¼ ½maxðA�;B�Þ;minððAþ ;Bþ ÞÞ�;

½A�;Aþ � t ½B�;Bþ � ¼ ½minðA�;B�Þ;maxððAþ ;Bþ ÞÞ�;

wð½A�;Aþ �Þ ¼Aþ �A�:

For instance,

expð½aþb; a2þb� � ½sinðabÞ; aþb�Þ

¼ expð½aþb� ðaþbÞ; a2þb� sinðabÞ�Þ

¼ ½expðaþb� ðaþbÞÞ; expða2þb� sinðabÞÞ�:

Note that some operations on symbolic intervals have not the
same form as their classical numerical counterpart. They have
been rewritten in order to get a symbolic interval as the result of
the operation, i.e., a pair of two symbolic expressions. For
instance, the definition of the square of an interval ½a;b� is
classically defined by

½a; b�2 ¼ ½0;maxða2; b2Þ� if 0A ½a; b�

¼ ½minða2;b2Þ;maxða2; b2Þ� if 0 =2 ½a;b�:

Now, since

maxð0; signðabÞÞ ¼ 0 if 0A ½a; b�
¼ 1 if 0 =2 ½a; b�;

we can define ½a;b�2 by a single expression

½a; b�2 ¼ ½maxð0; signðabÞÞminða2;b2Þ;maxða2; b2Þ�:

This explains the definition of ½A�;Aþ �2 for symbolic intervals.

3.3. Relations

We also extend classical interval relations to symbolic inter-
vals:

ð½A�;Aþ � ¼ ½B�;Bþ �Þ 3 A� � B� ¼ 0; Aþ � Bþ ¼ 0

ð½A�;Aþ � � ½B�;Bþ �Þ 3 A� � B�Z0; Bþ �AþZ0:

For instance

ð½aþb; a2þb� ¼ ½sinðabÞ; a� b�Þ

3ðaþb¼ sinðabÞ and a2þb¼ a� bÞ:

Another example is the following:

ð½a; b� � ½a;b�2Þ3
a�maxð0; signða � bÞÞ �minða2; b2ÞZ0;

maxða2; b2Þ � bZ0:

(

3.4. Simplification

The expression involved as lower and upper bound of symbolic
intervals are classical expressions over real variables. Thus
classical simplification techniques can be applied to symbolic
interval. For instance, we can write

½a� bþaþb; a2þc � a � a� ¼ ½2a; c�: ð2Þ

But note that

½a; b� � ½a; b� ¼ ½a� b;b� a� ð3Þ

which is not [0,0]. The simplifications can only be performed on
the expressions inside the interval and not on the symbolic
interval operations.
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