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Formal concept analysis (FCA) is currently considered an important formalism for knowledge represen-
tation, extraction and analysis with applications in different areas. A problem identified in several appli-
cations is the computational cost due to the large number of formal concepts generated. Even when that
number is not very large, the essential aspects, those effectively needed, can be immersed in a maze of
irrelevant details. In fact, the problem of obtaining a concept lattice of appropriate complexity and size
is one of the most important problems of FCA. In literature, several different approaches to control the
complexity and size of a concept lattice have been described, but so far they have not been properly ana-
lyzed, compared and classified. We propose the classification of techniques for concept lattice reduction
in three groups: redundant information removal, simplification, and selection. The main techniques to
reduce concept lattice are analyzed and classified based on seven dimensions, each one composed of a
set of characteristics. Considerations are made about the applicability and computational complexity
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of approaches of different classes.
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1. Introduction

Formal concept analysis (FCA) is currently considered an impor-
tant formalism for knowledge representation, extraction and anal-
ysis. Its formalization was born in 1982 with the work of Wille
(1982), who proposed considering each lattice element as a formal
concept and the lattice itself as representing a conceptual hierar-
chy (Ganter & Wille, 1999).

The initial data in FCA is a binary relation I C G x M, where the
elements of G are called objects and the elements of M are called
attributes. The triple (G, M,]I) is called a formal context. From such
a formal context, formal concepts are obtained, which are ordered
pairs (A, B), where A C G (the concept extension), BC M (its inten-
tion) and each object in A has all the attributes in B and each attri-
bute in B is an attribute common to all objects in A. The great
potential of FCA is propitiated by the concept lattice, a complete lat-
tice formed by the set of formal concepts extracted from the formal
context. In fact, the main applications make use of the concept lat-
tice, usually represented by means of a line diagram, or a nested
line diagram, or a tree diagram, etc.

Even a small set of data can result in a very large number of for-
mal concepts (Belohlavek & Macko, 2011). In fact, FCA induces
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potentially high combinatorial complexity and the structures
obtained, even from a small dataset, may become prohibitively
large (Klimushkin, Obiedkov, & Roth, 2010). Despite the fact that

the worst case (2™"I°M)y js rarely found in practice (Godin,
Saunders, & Gecsei, 1986), the computational cost is still too pro-
hibitive for many applications. Furthermore, the resulting number
of formal concepts and the complexity of the relationships
between concepts can make the analysis of the final lattice difficult
(Rice & Siff, 2001). In particular, key aspects, those which are effec-
tively sought, can be immersed in a maze of irrelevant details.
Regardless of the number of formal concepts generated in the
worst case, all relationships between concepts are present in the
concept lattice. This feature is suitable in terms of completeness,
but generally results in a large number of relationships, thus over-
loading the lattice’s structure.

In fact, the problem of obtaining a concept lattice of appropriate
size and structure, one that exposes the truly relevant aspects, is
one of the most important problems of using FCA (Belohlavek &
Macko, 2011; Belohlavek, Sklenar, & Zacpal, 2004a; Belohlavek &
Vychodil, 2006; Klimushkin et al., 2010; Kuznetsov, Obiedkov, &
Roth, 2007; Li, Mei, & Lv, 2012; Wei, Qi, & Zhang, 2008; Medina,
2012; Pernelle, Rousset, Soldano, & Ventos, 2002; Rice & Siff,
2001; Snasel, Polovincak, Abdulla, & Horak, 2008; Soldano,
Ventos, Champesme, & Forge, 2010; Stumme, Taouil, Bastide,
Pasquier, & Lakhal, 2002; Ventos & Soldano, 2005; Zhang, Wei, &
Qi, 2005). Notice that it is an instance of the more general problem
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of looking for patterns, which occurs in many methods of data anal-
ysis and that frequently deal with the generation of an excessive
number of patterns (Belohlavek & Macko, 2011).

There are many techniques for concept lattice reduction, each
with different characteristics. Some of the techniques remove
redundant information from the concept lattice. In general, they
aim to find the minimum set of objects or attributes that keep
the structure of the original concept lattice unchanged (Li, Mei, &
Lv, 2011a; Medina, 2012; Pei & Mi, 2011; Shao, 2005; Wang &
Ma, 2006; Wang & Zhang, 2008a; Zhang et al., 2005). Other tech-
niques try to construct an abstraction of the concept lattice; in
other words, they seek to obtain a high-level of simplification that
exposes the truly important aspects (Belohlavek & Vychodil, 2009;
Cheung & Vogel, 2005; Codocedo, Taramasco, & Astudill, 2011;
Dias & Vieira, 2010; Gajdos, Moravec, & Snasel, 2004; Kumar &
Srinivas, 2010b; Poshyvanyk & Marcus, 2007; Snasel, Dahwa
Abdulla, & Polovincak, 2007). Finally, a third class of techniques
works by selecting formal concepts, objects or attributes through
a relevance criterion (Arévalo, Berry, Huchard, Perrot, & Sigayret,
2007; Godin & Mili, 1993; Kuznetsov, 1990; Riadh, Le Grand,
Aufaure, & Soto, 2009; Rice & Siff, 2001; Stumme et al., 2002).
Different characteristics are observed in each of the three classes.
However, so far, those characteristics have not been properly iden-
tified and used to analyze and compare the existing classes.

In this paper, the three classes of techniques mentioned above
are elaborated further, and the main existing techniques of each
class are identified. Formal concept analysis is used to analyze
the techniques based on seven dimensions, each one consisting
of a set of characteristics. Along with the FCA based analysis, con-
siderations are carried out about computational complexity, feasi-
bility and quality of the resulting concept lattice.

The remaining sections of this paper are organized as follows.
Section 2 reviews the core notions and terminology of FCA, shows
a small illustrative example, and defines techniques for concept
lattice reduction. Section 3 classifies the existing reduction tech-
niques into three main classes. Section 4 identifies seven dimen-
sions for the analysis of the reduction techniques. Section 5
summarizes the main techniques for concept lattice reduction
and performs an analysis of those techniques by means of FCA.
Related works are identified in Section 6. Finally, conclusions are
presented in Section 7.

2. FCA: core notions and a small illustrative example

This short review presents the notions and terminology which
are important for the understanding of our work, and introduces
an example to be used throughout the text. The notions and termi-
nology are based on the excellent book of Ganter and Wille (1999).

As said in the introduction, in FCA the initial data are presented
as a formal context, a triplet (G, M,I), where G is a set of elements
called objects, M is a set of elements called attributes, and
IC G x M is called an incidence relation. If (g,m) € I, one says that
“the object g has the attribute m”. A formal context is usually pre-
sented as a cross table where the objects are row headers, the attri-
butes are column headers, and there is a cross in row g and column
m if and only if (g,m) € I. Table 1 shows an example of formal
context.

Given a set of objects AC G from a formal context (G, M, I), the
set of attributes which are common to all those objects is termed
A'. Similarly, for a set BC M, B is the set of objects that have all
the attributes from B. That is to say A' = {m € M|vg € A(g,m) € I}
and B' = {g € G|vm < B(g,m) e I}." By using such derivation opera-

! The notation x' will be used as abbreviating {x}’, whether x is an object or an
attribute.

Table 1

A formal context.
Obj/Att a b c d e f
1 X X
2 X
3 X X X X X
4 X X X X
5 X

tors, the notion of formal concept is defined as a pair
(A,B) € P(G) x P(M) such that A" = B and B' = A, where A is called
the extent and B the intent of the concept. For example, from the for-
mal context of Table 1, it can be seen that the pair

({3.4},{b,d.f})

is a formal concept with extent {3,4} and intent {b,d, f}.

The set of formal concepts is ordered by the partial order < such
that for any two formal concepts (A1,B1) and
(Az,Bz), (A],B]) = (Az,Bz) iff A CA (equivalently, B, CB; ) The
set of concepts ordered by =< constitutes a complete lattice
(Davey & Priestley, 1990), the so called concept lattice. The concept
lattice obtained from a formal context (G,M,I) is denoted
B(G,M,I). Fig. 1 presents the line diagram (Ganter & Wille, 1999)
of the concept lattice originated from the formal context of
Table 1.% Each node in the line diagram represents a formal concept.
The objects are shown inside white boxes drawn below some con-
cept nodes and the attributes inside gray boxes drawn above some
concept nodes. The boxes are distributed in such a way that the
extent of a concept is obtainable by collecting all objects from the
concept node to the lattice infimum, and its intent is obtainable by
visiting all attributes from the concept node to the lattice supre-
mum. The labeling can also be explained by means of the notions
of object concept and attribute concept. Given an object g,yg is the
object concept (g”,g’), and um, for an attribute m, is the attribute
concept (m’,m"). Then, the labeling of B(G, M,I) proceeds as follow:
for each object g the formal concept yg is labeled g and for attribute
m the formal concept um is labeled m.

The first part of the basic theorem on concept lattices (Wille,
1982) says that a concept lattice B(G, M, ) is a complete lattice in
which for any arbitrary set CC B(G,M,I) the infimum and supre-
mum are given by

Ac=(Nx(Uy)) and \c=((Ux).NY)

where X = {A|(A,B) € C} and Y = {B|(A,B) € C}.

The knowledge embodied by a formal context (G,M,I) or its
concept lattice B(G,M,I) can be used to derive implications
P — Q, where P and Q are sets of attributes, which express that
P'CQ/, or in other words, if an object has all the attributes in P,
then it has all those in Q (equivalently, Q CP') (Ganter & Wille,
1999). Notation: the set brackets will be omitted in both sets of
an implication. For example, from the lattice of Fig. 1 we have
the implication a,d — ¢, meaning that those objects who have a
and d as attributes (actually, only the object 3) also have c. If X is
a set of attributes, then X respects an implication P — Q iff P-C X
or Q CX. An implication P — Q holds in a set {Xi,...,X,} CP(M)
iff each X; respects P — Q; and P — Q is an implication of the context
(G, M, I) iff it holds in its set of object intents. P — Q follows from a
set of implications Z iff for every set of attributes X if X respects Z,
then it respects P — Q. A set of implications Z is said to be complete
iff every implication of (G, M, I) follows from Z. Of particular impor-
tance are non-redundant sets of implications. A set of implications

2 All line diagrams in this paper were drawn using the Conexp software
(Yevtushenko, 2000).
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