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a b s t r a c t 

The detection of very similar patterns in a time series, commonly called motifs, has received contin- 

uous and increasing attention from diverse scientific communities. In particular, recent approaches 

for discovering similar motifs of different lengths have been proposed. In this work, we show that 

such variable-length similarity-based motifs cannot be directly compared, and hence ranked, by their 

normalized dissimilarities. Specifically, we find that length-normalized motif dissimilarities still have 

intrinsic dependencies on the motif length, and that lowest dissimilarities are particularly affected by 

this dependency. Moreover, we find that such dependencies are generally non-linear and change with the 

considered data set and dissimilarity measure. Based on these findings, we propose a solution to rank 

(previously obtained) motifs of different lengths and measure their significance. This solution relies on a 

compact but accurate model of the dissimilarity space, using a beta distribution with three parameters 

that depend on the motif length in a non-linear way. We believe the incomparability of variable-length 

dissimilarities could have an impact beyond the field of time series, and that similar modeling strategies 

as the one used here could be of help in a more broad context and in diverse application scenarios. 

© 2016 Elsevier Ltd. All rights reserved. 

1. Introduction 

With the generalized use of smartphones and the increasing 

adoption of wearable devices, the information sources available for 

decision support systems and expert systems has changed dras- 

tically. In particular, the application of such information sources 

to healthcare ( Dolgin, 2014; Menshawya, Benharrefb, & Serhani, 

2015 ) or living assistance to elder people ( Chernbumroong, Cang, 

Atkins, & Yu, 2013 ) is becoming a fertile research area. One of the 

primary data types generated by the aforementioned devices are 

time series, and one of the first challenges to effectively process 

the huge amount of information they provide is the detection of 

repetitive patterns, commonly called motifs. Because expert sys- 

tems have to deal with a diversity of activities to be monitored 

(e.g., the different living activities considered by Chernbumroong 

et al. (2013) or the detection of a variety of time-spanning events 

( Guralnik & Srivastana, 1999 )), they have to consider and compare 
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repeated patterns or motifs of different lengths. In this article, we 

uncover some problems that arise when comparing motifs of dif- 

ferent lengths and propose a principled methodology to do so. 

In the literature, two formal definitions of a time series mo- 

tif coexist. The first one is based on the notion of frequency ( Lin, 

Keogh, Lonardi, & Patel, 2002 ): a pattern is interesting if it has 

a significant amount of repetitions. The second one is based on 

the notion of similarity ( Mueen, Keogh, Zhu, Cash, & Westover, 

2009 ): a pattern is interesting if its occurrences are identical or 

too similar to happen at random. Both definitions are complemen- 

tary, as a strikingly similar pattern does not necessarily need to be 

frequent, nor a frequent pattern does necessarily need to include 

extremely similar ones. Hence, algorithms exploiting both notions 

independently have received continuous and increasing attention 

( Bankó & Abonyi, 2015; Chiu, Keogh, & Lonardi, 2003; Mueen, 

2013; Mueen et al., 2009; Tanaka, Iwamoto, & Uehara, 2005; Tang 

& Liao, 2008; Yingchareonthawornchai, Sivaraks, Rakthanmanon, 

& Ratanamahatana, 2013 ). Notice, however, that a notion of fre- 

quency necessarily implies a notion of similarity and vice versa, 

although these relationships may not be explicit nor straightfor- 

ward to devise. 

Under a frequency-based definition, the ranking of the motifs 

found in a time series is trivial. The most important motif is the 
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one with the highest count, the second most important motif is 

the one with the second highest count, and so on. Moreover, we 

can assess the statistical significance of frequency-based motifs by 

comparing observed and expected counts under a null model re- 

flecting some basic characteristics of the time series. This has been 

exploited by Castro and Azevedo (2011) , who leverage work from 

the bioinformatics community to derive a motif’s significance. 

Using a similarity-based definition, motif ranking also looks 

straightforward. Given a single (usually pre-specified) motif length, 

the most important motif pair is the one with the lowest dissim- 

ilarity, the second most important pair is the one with the sec- 

ond lowest dissimilarity, and so on (equivalently for highest sim- 

ilarity). However, if we have motif pairs of different lengths, we 

cannot directly compare dissimilarities or distances, as these typi- 

cally depend on the length of the given segments. In these cases, 

researchers rely on two different strategies. On the one hand, there 

is the option to compute a ranking for every motif length of inter- 

est, possibly removing covering motifs (e.g., Mueen, 2013 ). Conse- 

quently, we have as many orderings as lengths being considered, 

and the choice for the most important motif depends on the user. 

On the other hand, there is the possibility to normalize the dis- 

similarity measure by the length of the motif, or to use a mea- 

sure that already incorporates some notion of normalization 

1 (e.g., 

Yingchareonthawornchai et al., 2013) . For instance, one can divide 

the Euclidean distance by the square root of the length, or con- 

sider the Pearson’s correlation measure. In terms of motif signifi- 

cance, similarity-based approaches are much less developed than 

frequency-based ones. In fact, to the best of our knowledge, this 

topic has not been considered yet. 

In this work, we show an important and overlooked aspect 

of variable-length similarity-based motifs: that they cannot be 

directly compared, and hence ranked, using common motif dis- 

similarity measures and their corresponding length normalization. 

Using a variety of statistical tools, we illustrate that normalized 

motif dissimilarities exhibit intrinsic dependencies with respect 

to the motif length, and that these particularly affect the lowest 

dissimilarities of each length. Moreover, we find that such de- 

pendencies are generally non-linear (they do not have a linear 

relationship with the length of the motif), and that they change 

with the considered measure and data set. These aspects are quan- 

tified using a combination of 8 common dissimilarity measures 

and 9 different publicly-available time series data sets. To further 

facilitate the assessment and reproducibility of our work, we make 

all results and code available online. 

Given the aforementioned problems, and as a further contribu- 

tion, we propose a solution to compare motifs of different lengths 

and, at the same time, derive a measure of their significance. The 

proposed solution consists of a compact model of the motif dis- 

similarity space, using a beta distribution whose parameters non- 

linearly depend on the length of the motif. We find this model 

leads to a reasonable fit for the majority of the considered lengths, 

measures, and data sets. Importantly, the cumulative distribution 

function (CDF) of the proposed model can wrap the motif dissimi- 

larity function, hence directly yielding a p -value for each motif pair 

that can be used for ranking and significance assessment inside a 

given motif discovery algorithm. 

The remainder of the article is structured as follows. Before 

delving into the description of our findings and the proposed 

methodology, we first present the considered data sets and dis- 

similarity measures, as well as our motif sampling strategy and 

1 All dissimilarities considered in this paper are normalized by the length of the 

motif (sometimes we will additionally employ the terms “normalized” or “length- 

normalized” to further clarify this aspect). The reader should not confuse these 

terms with the typical z-normalization between time series or other possible nor- 

malization strategies (see also Section 2.2 ). 

all available reproducibility resources ( Section 2 ). We then start 

by analyzing the problem of comparing motifs of different lengths 

( Section 3 ). Next, we introduce the proposed modeling strategy 

( Section 4 ). Finally, we conclude by summarizing our work and 

highlighting some future directions ( Section 5 ). 

2. Materials and methods 

2.1. Time series data sets 

To demonstrate that our results are not biased with regard to 

the data source, we consider 9 different publicly-available time se- 

ries ( Serrà & Arcos, 2016 ) of varying length, coming from distinct 

domains: (1) DowJones – the daily closing values of the Dow Jones 

industrial average ( Williamson, 2012 ); (2) CarCount – the num- 

ber of cars measured for the Glendale on ramp for the 101 North 

freeway in Los Angeles, CA, USA ( Ihler, Hutchins, & Smyth, 2006 ); 

(3) Insect – the electrical penetration graph of a beet leafhopper 2 

( Mueen et al., 2009 ); (4) EEG – a one hour electroencephalogram 

from a single channel in a sleeping patient 3 ( Mueen et al., 2009 ); 

(5) FieldRecording – the spectral centroid of a field recording 4 

(we used the mean of the stereo channels and the spectral cen- 

troid linear frequency plugin from Sonic Visualizer 5 ); (6) Wind –

the wind speed registered in the buoy of Rincon del San Jose 6 , 

TX, USA. (7) Power – the electric power consumption of an in- 

dividual household 

7 ( Bache & Lichman, 2013 ); (8) EOG – an elec- 

trooculogram tracking the eye movements of a sleeping patient 8 

( Goldberger et al., 20 0 0 ); and (9) RandomWalk – a random walk 

time series, artificially generated using z i +1 = z i + η and z 1 = 0 , 

where η is a Gaussian random number with zero mean and unit 

variance. 

2.2. Dissimilarity measurement 

To demonstrate that our results are not biased with re- 

gard to the similarity measurement, we consider 8 different and 

commonly-used time series dissimilarity measures (see Serrà and 

Arcos, 2014 , and references therein): (1) Euc – Euclidean distance 

normalized by the square root of the number of time series seg- 

ment samples; (2) sqEuc – squared Euclidean distance normalized 

by the number of time series segment samples; (3) Corr – Pear- 

son’s correlation between time series segments; (4) Cos – cosine 

dissimilarity between segments; (5) DTW – dynamic time warping 

with path-accumulated normalization weights and a ±5% corridor 

window; (6) EDR – edit distance with real penalty, normalized by 

the alignment path length; (7) TWED – time-warped edit distance 

normalized by the alignment path length; and (8) MDL – mini- 

mum description length as in Rakthanmanon, Keogh, Lonardi, and 

Evans (2011) , with an added constant to force d ≥ 0. All dissimilar- 

ities were computed between z-normalized non-overlapping time 

series segments. 

2.3. Motif sampling 

We here employ the formal definition of similarity-based time 

series motifs by Mueen et al. (2009) and consider a random selec- 

tion of possible motif candidates. A motif candidate is defined by 

2 http://www.cs.ucr.edu/ ∼mueen/MK . 
3 http://www.cs.ucr.edu/ ∼mueen/OnlineMotif . 
4 http://www.freesound.org/people/JeffWojo/sounds/121250 . 
5 http://www.sonicvisualiser.org . 
6 http://lighthouse.tamucc.edu/pq . 
7 http://archive.ics.uci.edu/ml/datasets/Individual+household+electric+power+ 

consumption . 
8 http://www.cs.ucr.edu/ ∼mueen/DAME . 
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