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a b s t r a c t

In this paper, we present a new fuzzy interpolative reasoning method for sparse fuzzy rule-based systems
based on the slopes of fuzzy sets. The proposed method can deal with fuzzy rules interpolation involving
complex polygonal fuzzy sets with the advantages of simplest calculation and get more reasonable fuzzy
interpolative reasoning results. We also make some experiments to compare the fuzzy interpolative rea-
soning results of the proposed method with the ones of the existing methods. The experimental results
show that the proposed method outperforms the existing fuzzy interpolative reasoning methods for
sparse fuzzy rule-based systems.

� 2012 Elsevier Ltd. All rights reserved.

1. Introduction

In recent years, some fuzzy interpolative reasoning methods
have been presented to overcome the drawback of spare fuzzy
rule-base systems (Baranyi, Koczy, & Gedeon, 2004; Baranyi, Tikk,
Yam, & Kozcy, 1999; Bouchon-Meunier, Marsala, & Rifqi, 2000;
Chen & Chang, 2011; Chen, Hsin, & Chang, 2011; Chang, Chen, &
Liau, 2008; Chen et al., 2011; Chen & Ko, 2008; Chen, Ko, Chang,
& Pan, 2009; Chen & Lee, 2011; Hsiao, Chen, & Lee, 1998; Huang
& Shen, 2003, 2006, 2008; Ko & Chen, 2007; Ko, Chen, & Pan,
2008; Koczy & Hirota, 1997, 1993a, 1993b; Koczy & Kovacs,
1994; Kong & Kosko, 1992; Lee & Chen, 2008; Li, Huang, Tsang, &
Zhang, 2005; Tikk & Baranyi, 2000; Wong, Tikk, Gedeon, & Koczy,
2005; Yam, Baranyi, Tikk, & Koczy, 1999; Yam & Koczy, 2000;
Yam, Wong, & Baranyi, 2006). Koczy and Hirota (1997) presented
a method for approximate reasoning by linear-rule interpolation
and general approximation (call the KH method) where based on
the a-cuts of fuzzy sets, using the fuzzy distance between the
observation and the antecedents of the fuzzy rules to get the fuzzy
interpolative reasoning result. Chang et al. (2008) presented a fuz-
zy interpolate reasoning method for sparse fuzzy rule-base sys-
tems based on the areas of fuzzy sets (called the CCL method).
Chen and Ko (2008) presented a fuzzy interpolative reasoning
method (called the CK method) based on the increment transfor-

mation and the ratio transformation techniques for sparse fuzzy
rule-based systems. Huang and Shen (2006) presented a fuzzy
interpolative reasoning method via scale and the move transfor-
mation techniques (called the HS method).

In this paper, we present a new fuzzy interpolative reasoning
method for sparse fuzzy rule-based systems based on the slopes
of fuzzy sets. The proposed method can deal with fuzzy rules inter-
polation involving complex polygonal fuzzy sets with the advanta-
ges of simplest calculation and get more reasonable fuzzy
interpolative reasoning results. We also make some experiments
to compare the fuzzy interpolative reasoning results of the pro-
posed method with the ones of the existing methods. The experi-
mental results show that the proposed method outperforms the
existing fuzzy interpolative reasoning methods for sparse fuzzy
rule-based systems.

2. A new method for fuzzy interpolative reasoning based on the
slopes of fuzzy sets

In this section, we present a new method for fuzzy interpolative
reasoning based on the slopes of fuzzy sets (Zadeh, 1965).

2.1. Multiple antecedent variables fuzzy interpolative reasoning with
bell-shaped membership functions

Assume that there are two fuzzy rules in the knowledge base of
a rule-based system, shown as follows:

0957-4174/$ - see front matter � 2012 Elsevier Ltd. All rights reserved.
http://dx.doi.org/10.1016/j.eswa.2012.03.065

⇑ Corresponding author. Tel.: +886 2 27376417; fax: +886 2 27301081.
E-mail address: smchen@mail.ntust.edu.tw (S.-M. Chen).

Expert Systems with Applications 39 (2012) 11961–11969

Contents lists available at SciVerse ScienceDirect

Expert Systems with Applications

journal homepage: www.elsevier .com/locate /eswa

http://dx.doi.org/10.1016/j.eswa.2012.03.065
mailto:smchen@mail.ntust.edu.tw
http://dx.doi.org/10.1016/j.eswa.2012.03.065
http://www.sciencedirect.com/science/journal/09574174
http://www.elsevier.com/locate/eswa


Rule 1: IF X1 = A11 and X2 = A12 and . . . and Xm = A1m THEN
Y = B1,

Rule 2: IF X1 = A21 and X2 = A22 and . . . and Xm = A2m THEN
Y = B2,

Observation: X1 is A�1 and X2 is A�2 and . . . and Xm is A�m

Conclusion: Y is B⁄

where X1,X2, . . . , and Xm are the antecedent variables of the fuzzy
rules, Aij denotes the jth antecedent fuzzy set of the fuzzy rule Rule
i, Bi denotes the consequence fuzzy set of the fuzzy rule Rule i,
1 6 i 6 2 and 1 6 j 6m, where m denotes the number of antecedent
variables. When the observation is ‘‘X1 is A�1 and X2 is A�2 and . . . and
Xm is A�m’’, then we can use the proposed method to derive the conclu-
sion ‘‘Y is B⁄’’. The membership function of a Bell-Shaped fuzzy set A is

shown in Fig. 1, where A ¼ e
� x�cA

aA

� �2bA

; aA and bA are the parameters
controlling the shape of the bell-shaped fuzzy set A, and cA is the
mean of the bell-shaped fuzzy set A, respectively, and the Bell-Shaped
fuzzy set A can be represented by A = (aA,bA,cA). Assume that

Aij ¼ ðaAij
; bAij

; cAij
Þ; Bi ¼ ðaBi

; bBi
; cBi
Þ; A�j ¼ aA�j

; bA�j
; cA�j

� �
, 1 6 j 6m,

1 6 i 6 2 and B� ¼ aB� ; bB� ; cB�ð Þ, as shown in Fig. 2.
The proposed fuzzy interpolative reasoning method for sparse

fuzzy rule-based systems using Bell-Shaped fuzzy sets is now
presented as follows:

Step 1: Calculate the value of krep, shown as follows:

krep ¼
d A1j;A

�
j

� �
dðA1j;A2jÞ

¼
cA�j
� cA1j

��� ���
cA2j
� cA1j

��� ��� : ð1Þ

Step 2: Calculate the parameters aA0j
and bA0j

of the fuzzy set
A0j ¼ ðaA0j

; bA0j
; cA0j
Þ and a0B and b0B of the fuzzy set B0 ¼ ða0B; b

0
B; c

0
BÞ,

respectively, shown as follows:

aA0j
¼ ð1� krepÞ � aA1j

þ krep � aA2j
; ð2Þ

bA0j
¼ ð1� krepÞ � bA1j

þ krep � bA2j
; ð3Þ

a0B ¼ ð1� krepÞ � aB1 þ krep � aB2 ; ð4Þ
b0B ¼ ð1� krepÞ � bB1 þ krep � bB2 : ð5Þ

where 1 6 j 6m.
Step 3: Calculate the values of aB� and bB� of the fuzzy set B⁄,
respectively, shown as follows:

aB�

a0B
¼ 1

m

Xm

j¼1

aA�j

aA0j

 !
; ð6Þ

aB� ¼ a0B �
1
m

Xm

j¼1

aA�j

aA0j

 !
; ð7Þ

bB�

b0B
¼ 1

m

Xm

j¼1

bA�j

bA0j

 !
; ð8Þ

bB� ¼ b0B �
1
m

Xm

j¼1

bA�j

bA0j

 !
: ð9Þ

Step 4: Calculate the means cA0j
and c0B of the fuzzy sets

A0j ¼ ðaA0j
; bA0j

; cA0j
Þ and B0 ¼ ða0B; b

0
B; c

0
BÞ, respectively, where

cA0j
¼ ð1� krepÞ � cA1j

þ krep � cA2j
; ð10Þ

c0B ¼ ð1� krepÞ � cB1 þ krep � cB2 ð11Þ

where 1 6 j 6m.
Step 5: Calculate the mean cB� of the fuzzy set B� ¼ ðaB� ; bB� ; cB� Þ,

shown as follows:

1
m

Xm

j¼1

cA�j
� cA0j

cA2j
� cA1j

¼ cB� � c0B
cB2 � cB1

; ð12Þ

cB� ¼ c0B þ ðcB2 � cB1 Þ �
1
m

Xm

j¼1

cA�j
� cA0j

cA2j
� cA1j

: ð13Þ

Based on the values of aB� ; bB� and cB� , the Bell-Shaped membership
function of the interpolated consequence fuzzy set B� ¼ ðaB� ; bB� ; cB� Þ
is derived.

2.2. Multiple multiantecedent rules fuzzy interpolation scheme with
polygonal membership functions

Assume that there are n fuzzy rules in the knowledge base of a
rule-based system, shown as follows:

Rule 1: IF X1 = A11 and X2 = A12 and . . . and Xm = A1m THEN
Y = B1,

Rule 2: IF X1 = A21 and X2 = A22 and . . . and Xm = A2m THEN
Y = B2,

..

.

Rule n: IF X1 = An1 and X2 = An2 and . . . and Xm = Anm THEN
Y = Bn,

Observation: X1 is A�1 and X2 is A�2 and . . . and Xm is A�m

Conclusion: Y is B⁄

where X1,X2, . . . , and Xm are the antecedent variables of the fuzzy
rules, Aij denotes the jth antecedent fuzzy set of Rule i, Bi denotes
the consequence fuzzy set of Rule i, 1 6 i 6 n, 1 6 j 6m, n denotes
the number of fuzzy rules and m denotes the number of antecedent
variables. If the observation is ‘‘X1 is A�1 and X2 is A�2 and . . . and Xm is
A�m’’, then we can use the propose method to derive the conclusion
‘‘Y is B⁄’’. Based on the operations of a-cuts, a polygonal fuzzy set A
can be characterized by n points a1,a2, . . . and an, as shown in Fig. 3
(Chang et al., 2008), where A = (a1,a2, . . .an), abn/2c and adn/2e are
called the ‘‘left normal point’’ and the ‘‘right normal point’’, respec-
tively, and a1 and an are call the ‘‘left extreme point’’ and the ‘‘right
extreme point’’, respectively (Chang et al., 2008), and h(ai) denote
the membership value of ai in the polygonal fuzzy set A, where
0 6 h(ai) = h(an+1�i) 6 1. In (Huang & Shen, 2006), Huang and Shen
presented three kinds of representative values of polygonal fuzzy
sets, i.e., ‘‘the general rep’’, ‘‘the weighted average rep’’ and ‘‘the
center of core rep’’. The general rep repG(A) of the polygonal fuzzy
sets A = (a1,a2, . . .,an) shown in Fig. 3 is calculated as follows (Huang
& Shen, 2006):

repGðAÞ ¼
Xn

i¼1

wiai; ð14Þ

cA

aA

bA

1

0.5

0

A

X

Fig. 1. A Gaussian fuzzy set.
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