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The paper is concerned with the uncertain parameters and time-delays of chaos system with random
noises. A scheme based on differential evolution algorithm (DE) is newly introduced to solve the problem
via a nonnegative multi-modal nonlinear optimization, which finds a best combination of parameters and
time-delays such that an objective function is minimized. The illustrative examples, in both systems free
of time-delays and time-delays systems with random noises, are given to demonstrate the validity of the
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1. Introduction

Differential evolution (DE) algorithm is a relatively new compu-
tational intelligence tool relation to evolutionary computation,
capable of handling non-differentiable, nonlinear and multi-modal
objective functions, with few, easily chosen, control parameters
(Price, Storn, & Lampinen, 2005; Storn, 1996; Storn & Price,
1996). DE turned out to be the best genetic type of algorithm for
solving the real-valued test function suite of the 1st international
conference on evolutionary computation (Storn, 1996).

Great interests emerged in time-delay chaotic systems (Chen,
Chen, & Gu, 2007; Hua & Guan, 2003; Li, Liao, & Zhang, 2005; Mas-
oller, 2001; Park & Kwon, 2005; Pyragas, 1992; Sun, 2004; Ting,
2007), since the first chaos in time-delay system was discovered
by Mackay and Glass (Mackey & Glass, 1977). And the time-delay
chaotic system possesses additional interesting property as well

* The work was carried out during the tenure of an The ERCIM *“Alain
Bensoussan” Fellowship Programme. This Programme is supported by the Marie
Curie Co-funding of Regional, National and International Programmes (COFUND) of
the European Commission. The work is also supported by Supported by Scientific
Research Foundation for Returned Scholars, Ministry of Education of China, the
NSFC Project Nos. 10647141, 60773210 of China, the Natural Science Foundation
No. 2009CBD213 of Hubei Province of China, the Fundamental Research Funds for
the Central Universities of China, the Self-determined and Innovative Research
funds of WUT No. 2010-la-004, The National Soft Science Research Program
2009GXS1D012 of China, the National Science Foundation for Post-doctoral
Scientists of China No. 20080431004.

* Corresponding author at: Department of Mathematics, School of Science,
Wuhan University of Technology, Luoshi Road 122, Wuhan, Hubei 430070, People’s
Republic of China. Tel.: +86 027 87651213.

E-mail addresses: hgaofei@gmail.com (F. Gao), manshengyibo@163.com (Y. Qi),
ilangko.balasingham@iet.ntnu.no (I. Balasingham), jerssy@sina.com (Q. Yin),
hgaohr@gmail.com (H. Gao).

URL: http://feigao.weebly.com (F. Gao).

0957-4174/$ - see front matter © 2011 Elsevier Ltd. All rights reserved.
doi:10.1016/j.eswa.2011.08.076

as the properties of chaotic system without time-delay. In the
these studies, the precise time-delay values of the chaotic system
are often assumed to be fully or partially known. However, in real
states, the parameters and delay time of chaotic system cannot be
exactly known. Therefore, it is necessary to identify parameters
and delay time of time-delay chaotic systems. And unfortunately,
it is difficult to obtain the exact values of the time delays and the
parameters for practical chaotic systems.

Although some methods robust to noises have been proposed to
estimate the unknown parameters of chaos systems free of time-
delays, such as synchronization-based methods (Huang, Wang, &
Feng, 2005; Lu & Cao, 2007; Parlitz, 1996; Rakshit, Chowdhury, &
Saha, 2007; Shen & Wang, 2008), adaptive control method (Chen
& Lii, 2002) and evolutionary algorithm (Chang, 2007; Chang, Yang,
Liao, & Yan, 2008; Gao, Li, & Tong, 2008; Gao, Gao, Li, Tong, & Lee,
2009; Gao & Tong, 2006; Guan, Peng, Li, & Wang, 2001; Ho, Chou, &
Guo, in press; Li, Yang, Peng, & Wang, 2006), the nonlinear estima-
tor (Peng, Li, Yang, & Zhang, in press) the researches on estimation
of time-delays are still not taken into account or taken as known
beforehand, or there are too much assumptions on the chaotic
systems.

Recently, Tang put a novel method using Particle swarm intelli-
gence (PSO) (Tang & Guan, in press), a chaotic ant swarm method
(Tang, Cui, Li, Peng, & Guan, in press), a differential evolution ap-
proach (Tang & Guan, 2009) to estimate time-delay and parame-
ters for time-delay chaotic systems without considering the
noises. However, to the best of authors’ knowledge, little research
(Gao, Lee, Li, Tong, & Xiaohong, 2009) has been done to identify un-
known time-delays and parameters of chaotic systems with ran-
dom noises.

In this paper, a simple but effective scheme based on DE is
introduced identify the unknown parameters and time-delays of
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Fig. 1. Simulation for Lorénz system (7).
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Fig. 2. Simulation for Chen system (12).
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Fig. 3. Simulation for L system (13).

nonlinear chaotic systems with random initial noises. The paper is
organized as follows. Section 2 provides a brief review for DE. In

Section 3, a proper mathematics model is introduced to trans-
fer the estimation problems into a multi-modal nonnegative
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