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Abstract

We compute the extended weighted L–R approximation of a given fuzzy number by a method based on general results in 
Hilbert spaces, the weighted average Euclidean distance being considered. The metric properties of the extended weighted L–R

approximation of a fuzzy number are proved. We elaborate on a general method to study the existence, uniqueness and to calculate 
the L–R approximations of fuzzy numbers under the preservation of some parameters. We apply the results to find the weighted 
L–R approximations preserving ambiguity and value and respectively width in the general and unimodal case.
© 2015 Elsevier B.V. All rights reserved.
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1. Introduction

Uncertain and incomplete information is often represented by fuzzy numbers in many practical areas (decision 
making, expert systems, pattern recognition, data mining, etc.).

The approximation of general fuzzy numbers by particular fuzzy numbers, with a simpler form, was intensively 
investigated in the last years (see, e.g., [4–14,32,33,35,42–49]). The first papers were dedicated to find the nearest 
interval, triangular or trapezoidal fuzzy number of a given fuzzy number, without an additional condition [1,27,37,42]
or imposing the preservation of an important parameter [4,6,9,28–30,35,36,41,43,44], the average Euclidean distance 
between fuzzy numbers being considered. Later on, the topic has been developed by considering other distances be-
tween fuzzy numbers (weighted Euclidean distance, Hamming distance, source distance) and different kinds of fuzzy 
numbers (parametric, semi-trapezoidal, polynomial, piecewise linear) as approximations, with or without additional 
constraints [2,3,5,8,11,12,18,19,31,38,45,47,48].

The L–R fuzzy numbers were first introduced by Dubois and Prade and afterward used in applications and theoret-
ical developments as well. In the very recent paper [48] the approximation of fuzzy numbers by L–R fuzzy numbers, 
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without preserving any parameter, with respect to weighted Euclidean distance was investigated. The calculus of the 
approximation was given and its properties were studied.

In the present paper we consider approximations of fuzzy numbers by L–R fuzzy numbers such that one or more 
parameters of the form ale + bue + cxe + dye are preserved, where a, b, c, d ∈ R and le, ue, xe, ye are the coordinates 
of the extended weighted L–R approximation. The weighted average Euclidean distance is considered and the results 
generalize many recent approximations with constraints. In Section 2 we present some preliminaries about fuzzy 
numbers and extended fuzzy numbers. The extended weighted L–R approximation of a fuzzy number is computed 
and its metric properties are studied in Section 3. The results of existence and uniqueness related to the weighted L–R

approximations, with additional conditions in the form described above, are given in Section 4, by using theoretical 
aspects in Hilbert spaces. A simple method of computation of the weighted L–R approximation or weighted L–R

unimodal approximation is proposed in Section 5. It is applied to two particular cases: weighted L–R approximation 
preserving ambiguity and value and weighted L–R approximation preserving width. Properties of the conditioned 
weighted L–R approximations of fuzzy numbers are discussed in Section 6.

2. Fuzzy numbers and extended fuzzy numbers

We consider the α-level representation of a fuzzy number A (as in [15] or [23]), that is

Aα = [AL (α) ,AR (α)] , α ∈ [0,1] ,

where AL, AR : [0,1] → R are bounded, left-continuous functions in (0,1] and right continuous at 0 such that AL

is non-decreasing, AR is non-increasing and AL (1) ≤ AR (1). We denote by F (R) the set of all fuzzy numbers. For 
A, B ∈ F (R) , Aα = [AL (α) ,AR (α)] and Bα = [BL (α) ,BR (α)], the quantity dλ (A,B) given by

d2
λ (A,B) =

1∫
0

λL (α) (AL (α) − BL (α))2 dα +
1∫

0

λR (α) (AR (α) − BR (α))2 dα, (1)

where λL and λR , which are called weight functions, are nonnegative functions such that 0 <
∫ 1

0 λL (α)dα < ∞
and 0 <

∫ 1
0 λR (α)dα < ∞, defines a weighted distance between A and B (see, e.g., [45]). If λL (α) = λR (α) = 1, 

for every α ∈ [0,1], then we get the well-known average Euclidean distance between A and B . Many other weight 
functions λL, λR and hence different weighted distances are proposed in the literature (see [33,49]).

The expected interval EI(A) and the expected value EV(A) of a fuzzy number A are given by (see [24,34])

EI(A) = [
E∗(A),E∗(A)

] =
⎡⎣ 1∫

0

AL(α)dα,

1∫
0

AR(α)dα

⎤⎦ , (2)

EV(A) = 1

2
(E∗(A) + E∗(A)). (3)

The ambiguity Amb(A), value Val(A) and width w(A) of a fuzzy number A are defined by (see [18,21,26])

Amb(A) =
1∫

0

α(AR(α) − AL(α))dα, (4)

Val(A) =
1∫

0

α(AR(α) + AL(α))dα, (5)

W (A) =
1∫

0

(AR(α) − AL(α))dα, (6)
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