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Abstract

Since addition possesses an inverse in the quotient space of fuzzy numbers based on Mareš equivalence relation, in this paper, 
we introduce a metric on the quotient space of fuzzy numbers, and then deal with fuzzy mappings of a real variable whose values 
are equivalence classes of fuzzy numbers. We study differentiability and integrability properties of such functions and give an 
existence and uniqueness theorem for a solution to a fuzzy differential equation. Finally, some examples are given to illustrate the 
main theorems.
© 2015 Elsevier B.V. All rights reserved.

Keywords: Fuzzy numbers; Analysis; Integration; Differentiation; Fuzzy differential equations

1. Introduction

The fuzzy differential equation was first introduced by Kandel and Byatt [27]. Since then, it has been extensively 
investigated on the metric space (En, D) of normal fuzzy convex set with the distance D given by the maximum 
of the Hausdorff distance between the corresponding level sets [10,26,40,41]. Many authors studied the existence 
and uniqueness of solutions for fuzzy differential equations under various kinds of conditions and obtained many 
meaningful results.

In [25], Kaleva proved the initial value problem for fuzzy differential equation has a unique solution if f is con-
tinuous with respect to D and satisfies Lipschtz conditions. In [31], Nieto proved the initial value problem for fuzzy 
differential equation has solutions if f is a continuous and bounded function. Wu and Song [45,46] and Song et al. 
[42] changed the initial value problem of fuzzy differential equations into abstract differential equations on a closed 
convex cone in a Banach space by the operator j that is the isometric embedding from (En, D) onto its range in the 
Banach space X. They established the relationship between a solution and its approximate solutions to fuzzy differen-
tial equations. Furthermore, they obtained a local existence theorem under the compactness-type and dissipative-type 
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conditions. Park and Han [33] obtained the global existence and uniqueness of fuzzy solution to a fuzzy differential 
equation using the properties of Hasegawa’s function and successive approximation.

The above results of fuzzy differential equation are based on the well known and widely used Hukuhara difference, 
proposed in [20], and the H-differentiability of Puri and Ralescu [34], which generalized the Hukuhara differentiabil-
ity of set-valued mappings. But in many applications it appears to have several limitations and to be very restrictive 
[1,2,25,37]. As a consequence, alternative formulations have been suggested. One of the alternatives is to replace the 
fuzzy differential equations by a family of differential inclusions generated from the function involved in fuzzy differ-
ential equations, see [8,9,17,19]. Another alternative is given by Bede, Stefanini and their co-authors in [2–4,43,44]
and Chalco-Cano et al. in [5–7], where they introduce a more general definition of derivative for fuzzy functions 
enlarging the class of differentiable fuzzy mappings by considering fuzzy lateral H-derivatives.

In [29,30], Mareš presented a natural equivalence relation between fuzzy quantities. This equivalence relation can 
be used to partition of the set of fuzzy quantities into equivalence classes having the desired group properties for the 
addition operation [22,32,47]. Hong and Do [18] defined a more refined equivalence relation than Mareš [29] and 
improved Mareš’s results. In [36], Qiu et al. showed that the method of finding the inverse operation of fuzzy numbers 
in the sense of Mareš is very intuitive. The authors introduced a new concept of convergence under which the quotient 
space is complete. As an application of the main results, it is shown that if we identify every fuzzy number with 
the corresponding equivalence class, there would be more differentiable fuzzy functions than what is found in the 
literature.

In this paper, we continue the research of [36] by introducing a metric on the quotient space of fuzzy numbers, 
and then deal with fuzzy mappings of a real variable whose values are equivalence classes of fuzzy numbers. We 
study differentiability and integrability properties of such functions and give an existence and uniqueness theorem for 
a solution to a fuzzy differential equation. In Section 2, we recall some related concepts. In Section 3, we introduce 
a metric on the quotient space of fuzzy numbers. In Section 4, we discuss the measurability of fuzzy set valued 
functions, present an integral for a fuzzy mapping, and establish some of its properties. In Section 5, we define the 
derivatives of fuzzy mappings and study the properties of differentiation. In Section 6, we prove the existence and 
uniqueness of the solution to the initial value problem for a fuzzy differential equation.

2. Preliminaries

A fuzzy set ̃x of R is characterized by a membership function μx̃ : R → [0, 1]. An α-level set of ̃x is [̃x]α = {x ∈
R : μx̃(x) ≥ α} for each α ∈ (0, 1]. We define the set [̃x]0 by [̃x]0 = {x ∈R : μx̃(x) > 0}, where A denotes the closure 
of a crisp set A. A fuzzy set ̃x is said to be a fuzzy number if it satisfies the following conditions [13]:

(1) x̃ is normal, i.e., there exists an x0 ∈ R such that μx̃(x0) = 1;
(2) x̃ is convex, i.e., μx̃(λx1 + (1 − λ)x2) ≥ min{μx̃(x1), μx̃(x2)}, for all x1, x2 ∈R and λ ∈ (0, 1);
(3) x̃ is upper semi-continuous;
(4) [̃x]0 is compact.

Equivalently, a fuzzy number x̃ is a fuzzy set with non-empty bounded level sets [̃x]α = [̃xL(α), x̃R(α)] for all 
α ∈ [0, 1], where [̃xL(α), x̃R(α)] denotes a closed interval with the left end point ̃xL(α) and the right end point ̃xR(α). 
We denote the class of fuzzy numbers by F . Notice that the real numbers R can be embedded in F by defining a 
fuzzy number ̃a as

μã(x) =
{

1, if x = a,

0, otherwise,

for each a ∈R. Thus we will represent the singleton {a} by ̃a for any real number a ∈R and in particular ̃0 is just the 
usual zero.

Let x̃i ∈ F for i ∈ I , where I is a non-empty index set. The intersection of fuzzy numbers x̃i is pointwise defined 
by

μ⋂
i∈I x̃i

(x) = inf
{
μx̃i

(x) : i ∈ I
}
, x ∈ R.

Similarly, the union of fuzzy numbers x̃i is pointwise defined by
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