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Abstract

We focus on the task of calculating conditional probabilities of the form Prob(U ≤ x|V ≤ y). We point out that in this case the 
relevant probabilities, Prob(U ≤ x) and Prob(V ≤ y), have the nature of a cumulative distribution. This enables us to use the Sklar 
theorem to directly calculate the required joint probability as a simple binary aggregation of these marginals using a copula. Here 
the choice of copula reflects the type of correlation between U and V . We study in considerable detail the effects of using different 
copulas. We also show that this enables us to simply and directly calculate the probability that U = x conditioned on the knowledge 
of the Prob(V ≤ y). We use this result to aid in decision-making where we compare alternative’s expected payoffs based on the 
conditioned probabilities.
© 2015 Elsevier B.V. All rights reserved.
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1. Introduction

Conditional probability provides a very useful tool for modifying “a priori” probability information about a variable 
of interest based upon probability information of a related variable. This can be particularly valuable in decision-
making tasks where the conditioned probability provides more informed knowledge about the environment. Implicit 
in the formulation of the conditional probability is the requirement of having information about the joint probabilities 
of the conditioned and conditioning variables. A beautiful result that can help us, at times, in this task is contained 
in the Sklar theorem [1]. This theorem provides a direct way of obtaining the joint cumulative distribution function 
from the two marginal cumulative distribution functions by a simple binary aggregation of these marginals using 
a copula [2–7], which is a kind of “anding” operator [8]. Here the choice of the copula is a reflection of the type 
of correlation between the conditioned and conditioning variables. Recalling that a cumulative distribution function 
expresses the probability that a variable is less then or equal a value, Prob(U ≤ x), we focus on the calculation of 
conditional probabilities of the form Prob(U ≤ x|V ≤ y). We see here that Prob(U ≤ x|V ≤ y) = Prob(U≤x,V ≤y)

Prob(V ≤y)
. 

Since Prob(U ≤ x, V ≤ y) is essentially the determination of a joint cumulative distribution from marginal cumu-
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lative distributions we are able to take advantage of the Sklar theorem to calculate these conditional probabilities. 
We first look at this under the use of different copulas. A further useful result is that in the discrete environment 
since Prob(U = xi |V ≤ y) = Prob(U ≤ xi |V ≤ y) − Prob(U ≤ xi−1|V ≤ y) then we can directly calculate the prob-
ability that U = xi conditioned on the knowledge of the Prob(V ≤ y). We illustrate the use of this in the case of 
decision-making under uncertainty where we can compare alternative’s expected payoffs based on the conditioned 
probabilities.

2. Conditional probabilities and cumulative distribution functions

Assume U is a random variable on the ordered space X = {x1, . . . , xn} with xi ≤ xi+1 and where pi is the prob-
ability that U = xi . The cumulative distribution function (CDF), F : X → [0, 1] is defined so F1(xj ) = Prob(U ≤
xj ) = ∑j

i=1 pi .

Another important concept in probability theory is conditional probability. We recall Prob(A|B) = Prob(A∩B)
Prob(B)

and 
Prob(B) > 0. We emphasize that if A and B are subsets of the same probability space X then A ∩ B are the elements 
that are in both A and B . If A and B are defined with respect to different spaces, X and Y respectively, then A ∩ B =
A × B , the Cartesian product.

Assume U and V are two random variables taking their values in the ordered spaces X and Y respectively. Here 
xi ≥ xj if i > j and yi ≥ yk if i > k. We can associate with each of a CDF, FU and FV respectively, so that FU(xj ) =
Prob(U ≤ xj ) = ∑j

k=1 Prob(U = xk) and FV (yi) = Prob(V ≤ yi) = ∑i
k=1 Prob(V = yk) when Prob(U = xj ) >

0 and Prob(V = yi) > 0. We can introduce the idea of a joint CDF, FU,V (xj , yi) = Prob(U ≤ xj , V ≤ yi) where 
Prob(U ≤ xj , V ≤ yi) = ∑j

k=1

∑i
r=1 Prob(U = xk, V = yr) where Prob(U = xk, V = yr) is the probability of the 

joint outcome with U = xk and V = yr .
We point out that {U ≤ xj } is an event thus Prob(U ≤ xj ) is simply the probability of some event. The same is true 

of Prob(V ≤ yi). Let us denote A = {U ≤ xj } and B = {V ≤ yi}. We can use these in our formulation for conditional 
probability

Prob(A|B) = Prob(A ∩ B)

P (B)
= Prob(U ≤ xj ,V ≤ yi)

Prob(V ≤ yi)
= Prob(U ≤ xj |V ≤ yi) = FU,V (xj , yi)

FV (yi)
.

We note that Prob(U ≤ xj |V ≤ yi) − Prob(U ≤ xj−1|V ≤ yi) = FU,V (xj ,yi )

FV (yi )
− FU,V (xj−1,yi )

FV (yi )
and hence FU,V (xj ,yi )

FV (yi )
−

FU,V (xi−1,yi )

FV (yi )
= FU,V (xj ,yi )−FU,V (xj−1,yi )

FV (yi )
. We further observe that

FU,V (xj , yi) =
j∑

k=1

i∑
r=1

Prob(U = xk,V = yr) and FU,V (xj−1, yi) =
j−1∑
kl=1

i∑
r=1

Prob(U = xk,V = yr).

Using this we get that FU,V (xj , yi) − FU,V (xj − 1, yi) = ∑i
r=1 Prob(U = xj , V = yr) but this is simply the prob-

ability of the joint event, {U = xj } × {V ≤ yi}. Denoting A = {U = xj } and B = {V ≤ yi} we get FU,V (xj ,yi )

FV (yi )
−

FU,V (xj−1,yi )

FV (yi )
= Prob(A×B)

Prob(B)
the conditional probability Prob(A|B) where A = {U = xj } and B = {V ≤ yi}. Hence we 

see that

Prob(U = xj |V ≤ yi) = FU,V (xj , yi)

FV (yi)
− FU,V (xj−1, yi)

FV (yi)

Prob(U = xj |V ≤ yi) = Prob(U ≤ xj |V ≤ yi) − Prob(U ≤ xj−1|V ≤ yi)

We note that if D is any subset associated with the space X then

Prob(U ∈ D|V ≤ yi) =
∑
xj ∈D

Prob(U = xj |V ≤ yi)

More generally we can show that for any subset B on the space of V that

Prob(U = xj |V ∈ B) = Prob
(
U ∈ D ∪ {xj }|V ∈ B

) − Prob(U ∈ D|V ∈ B)

where D is any subset on the space X which does not contain xj .
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