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Abstract

Considering a category SL-GConv, of stratified enriched cl-premonoid-valued generalized convergence spaces, we present the
category SL-GConvGrp, of stratified L-generalized convergence groups, and some of its subcategories. We present two natural
examples on stratified enriched cl-premonoid-valued convergence groups. Among other results, we show that every stratified strong
L-limit group is SL-UCS-uniformizable.
© 2013 Elsevier B.V. All rights reserved.
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1. Introduction

R. Lowen introduced the concept of fuzzy convergence spaces based on the idea of prefilters [26], and developed
various theories in the realm of fuzzy topological spaces [26,27] (or, stratified [0,1]-topological spaces in the sense
of [14]). In 1992, E. Lowen, R. Lowen and P. Wuyts [27] observed that the category of fuzzy topological spaces,
FTop and the category of fuzzy uniform spaces, FUnif are not cartesian closed, and therefore contain various de-
ficiencies. They proved that the category of fuzzy convergence spaces is cartesian closed and beyond [1]; i.e., for
instance, it has a function space structure. U. Höhle pointed out that for an arbitrary lattice L, the notion of L-filter
provides a better framework for the development of lattice-valued convergence theory [14]. Based on this idea, with L

as a complete Heyting algebra, G. Jäger [16] proposed a category of L-fuzzy convergence spaces, which is cartesian
closed, and possesses various elegant features [16–21]. Some other authors, notably, H. Boustique, R.N. Mohapatra
and G. Richardson [6]; P.V. Flores, R.N. Mohapatra and G. Richardson [10] also use frame as lattices and tried to
improve this notion by imposing certain conditions on the underlying lattices. M. Demirci [8] also made progress in
achieving results on enriched lattice-valued convergence structure within the framework of fixed-basis fuzzy topo-
logical spaces in the line of [14]. P. Eklund and W. Gähler [9] made significant contributions towards fuzzy filter
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functors and convergence. G. Preuss generalized many of his classical results from [35] into the context of fuzzy
convergence structures [9,36]. Considering enriched cl-premonoid as an underlying lattice, in 2009, A. Craig and G.
Jäger [7] entered into the deeper part of convergence structures obtaining various interesting results. In 2012, D. Or-
pen and G. Jäger [34] generalized further various notions of convergence from complete Heyting algebra to enriched
cl-premonoid capturing many of their previously achieved results [16,17], and also, captured many results from [38].

Following Jäger’s notion of a frame-valued convergence approach [16], T.M.G. Ahsanullah and J. Al-Mufarrij [2]
introduced a notion of a lattice-valued convergence group, and Ahsanullah [3] introduced a notion of a lattice-valued
convergence ring, showing that every stratified frame-valued convergence ring carries in a natural way a stratified
uniform convergence structure. The motivation behind this article is to generalize further our previous works on
frame-valued cases to enriched cl-premonoid-valued cases in the line of [5,7,11,14,34]; and also, to provide some
results of lattice-valued generalized convergence groups based on various concepts introduced in [17,18], and discuss
the uniformizability of stratified strong L-limit group. We may observe that ultra approach limit group [4,30] can
be viewed as a natural example for a stratified strong L = ([0,1],�,∧,∗)-valued limit group, and probabilistic limit
group can be viewed as a natural example of a stratified L = ([0,1],�,∧,∗)-valued limit group, where ∗ is a triangular
norm [24] or a t -norm, meaning a binary operation on [0,1], which is associative, commutative, non-decreasing in
each argument and which has 1 as the unit element.

Primarily, our lattice under consideration is a fixed-basis lattice L = (L,�,⊗,∗) which is an enriched
cl-premonoid with ⊗ as a cl-premonoid operation and ∗ as a GL-monoid operation; however, for some technical dif-
ficulties in dealing with product L-filters, some times we need to change our lattice structure to L = (L,�,⊗ = ∗,∗)

as our enriched lattice. In Section 3, we introduce various notions of lattice-valued convergence groups, and study
some basic properties, and in Section 4, we provide two natural examples (Propositions 4.5 and 4.9), first one is
based on the idea of approach convergence spaces attributed to E. Lowen and R. Lowen [28] and, the other is based
on the probabilistic limit spaces under t -norm due to H. Herrlich and D. Zhang [12] (see also [22,32,34]). We also
present an example (Proposition 4.11) of a stratified framed-valued generalized convergence group based on function
space structure in the category of frame-valued convergence spaces [16]. We construct in Section 5, the left and right
L-uniform convergence structures based on noncommutative groups. Here we are able to show that every stratified
strong L-limit group carries in a natural way a stratified L-uniform convergence structure. We refer to [23] and [31]
for the classical results on convergence groups.

2. Preliminaries

Throughout the text we consider L = (L,�) a complete lattice with �, the top element and ⊥, the bottom element
of L.

Definition 2.1. (See [11,14].) A triple (L,�,∗), where ∗ : L × L → L is a binary operation on L, is called a
GL-monoid if and only if the following hold:

(GLM1) (L,∗) is a commutative semigroup;
(GLM2) ∀α ∈ L: α ∗ � = α;
(GLM3) ∗ is distributive over arbitrary joins:

γ ∗
( ∨

k∈K

αk

)
=

∨
k∈K

(γ ∗ αk), for k ∈ K, αk, γ ∈ L;

(GLM4) for every γ � α there exists β ∈ L such that γ = α ∗ β (divisibility).

The triple (L,�,∗) is called a commutative quantale if (GLM1)–(GLM3) are fulfilled. If ∗ = ∧, then the triple
(L,�,∧) is called a frame or a complete Heyting algebra [37].

For a commutative quantale, the implication operator →, also known as residuum, is given by

→ :L × L → L, α → β =
∨

{γ ∈ L | α ∗ γ � β}.
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