
Available online at www.sciencedirect.com

Fuzzy Sets and Systems 238 (2014) 135–139

www.elsevier.com/locate/fss

A note on compactness in a fuzzy metric space

Osmo Kaleva ∗, Janne Kauhanen

Tampere University of Technology, Department of Mathematics, P.O. Box 553, FI-33101 Tampere, Finland

Received 17 October 2012; received in revised form 28 May 2013; accepted 29 May 2013

Available online 3 June 2013

Abstract

We study the compactness in a fuzzy metric space. We also give a generalization of Niemytzki–Tychonoff theorem for a fuzzy
metric space.
© 2013 Elsevier B.V. All rights reserved.
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1. Introduction

In the literature there are several notions of a fuzzy metric space. The first one was introduced by Kramosil and
Michálek [13]. Its motivation derives from a statistical metric space. As Theorem 1 in [13] states: Any fuzzy metric
space is equivalent to a statistical metric space. Later the notion was modified by George and Veeramani [2]. Various
aspects of this kind of fuzzy metric space was studied among others by George and Veeramani [3], Gregori and
Romaguera [4,5] and Miheţ [15].

The second notion of a fuzzy metric space was introduced by Kaleva and Seikkala in [10]. The idea behind this
notion was to fuzzify the classical metric. For the properties of this fuzzy metric space see for instance Fang [1],
Hadz̆ić and Pap [6], Huang and Wu [7], Jung et al. [8], Kaleva [9] and Xiao et al. [17].

Since the fuzzy metric space by Kaleva and Seikkala just replaces real values of a metric by fuzzy values and
triangle inequality is modified for this setting, it is expected that in many ways the fuzzy metric space resembles the
ordinary metric space. Compactness is a central notion in topology. In this paper we study the compactness in a fuzzy
metric space.

2. Preliminaries

Denote F1 = {u:R→ [0,1] | u satisfies (i)–(iv) below}, where

(i) u is normal, i.e. there exists an x0 ∈ R such that u(x0) = 1,
(ii) u is quasiconcave,
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(iii) u is upper semicontinuous,
(iv) u is compactly supported.

The elements of F1 are called fuzzy numbers. It is well known that the α-level sets of a fuzzy number u are
non-empty, compact intervals in R, denoted by [u]α = [λα(u),ρα(u)], 0 � α � 1. A fuzzy number g is non-negative
if g(t) = 0 for all t < 0. The collection of non-negative fuzzy numbers is denoted by G.

We assume that R is endowed with the usual topology. A sequence {un} in F1 converges levelwise to u ∈ F1,
denoted limn→∞ un = u, if for all α ∈ [0,1]

lim
n→∞λα(un) = λα(u) and lim

n→∞ρα(un) = ρα(u).

If {un} ⊂ G and u = 0̄, defined by 0̄(t) =
{

1, if t = 0,

0, elsewhere,
then for all α ∈ [0,1] we have

0 = λα(u) = ρα(u) � λα(un) � ρα(un) � ρ0(un).

Hence limn→∞ un = 0̄ if and only if limn→∞ ρ0(un) = 0.
In [10] Kaleva and Seikkala introduced a fuzzy metric space as follows.

Definition 2.1. Let X be a set and L,R: [0,1] × [0,1] → [0,1] be two symmetric, non-decreasing mappings in both
arguments and satisfy L(0,0) = 0 and R(1,1) = 1. A function d:X × X → G is called a fuzzy metric if

(i) d(x, y) = 0̄ if and only if x = y,
(ii) d(x, y) = d(y, x) for all x, y ∈ X,

(iii) for all x, y, z ∈ X,
(a) d(x, y)(s + t) � L(d(x, z)(s), d(z, y)(t)) whenever s � λ1(x, z), t � λ1(z, y) and s + t � λ1(x, y),
(b) d(x, y)(s + t) �R(d(x, z)(s), d(z, y)(t)) whenever s � λ1(x, z), t � λ1(z, y) and s + t � λ1(x, y),

where
[
d(x, y)

]
α

= [
λα(x, y), ρα(x, y)

]
for all x, y ∈ X, 0 � α � 1,

denotes the α-level interval of d(x, y). The quadruple (X,d,L,R) is called a fuzzy metric space.

In the sequel we assume that all fuzzy metric spaces (X,d,L,R) also satisfy the condition lima→0+ R(a, a) = 0.
Since R is non-decreasing, it follows that R(0,0) = 0.

Example 2.1. Let (X, δ) be a metric space and define d:X × X → G by

d(x, y)(t) =
{

1, t = δ(x, y),

0, elsewhere.

Since

λα(x, y) = δ(x, y) = ρα(x, y) for all x, y ∈ X, α ∈ [0,1],
then since δ satisfies the triangle inequality we have for all x, y, z ∈ X and α,β, γ ∈ [0,1]

λγ (x, y)� λα(x, z) + λβ(z, y) and ργ (x, y)� ρα(x, z) + ρβ(z, y).

If L(0,1) = 0 and R is right continuous, then by Theorems 3.4 and 4.5 in [7] we deduce that (X,d,L,R) is a fuzzy
metric space. Hence a metric space is a special case of a fuzzy metric space.

However, if L � max then by Lemma 3.1 in [10] the inequality (iii)(a) in Definition 2.1 implies that λ1(x, y) = 0
for all x, y ∈ X. Hence (X,d,L,R) is not a fuzzy metric space.

We also need the following definitions.
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