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Abstract

New types of constructions of bivariate copulas are introduced, discussed and exemplified. Based on a given copula C, we look
for its perturbation into another copula CH , possibly close to C. A special stress is put on the perturbation of the basic copulas M ,
W , Π . Our results generalize several methods known from the literature, such as the Farlie–Gumbel–Morgenstern copula family,
for example. An illustrative example when fitting copulas to real data is also added.
© 2014 Elsevier B.V. All rights reserved.
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1. Introduction

Copulas, especially their bivariate form, have obtained a growing interest in the last two decades, especially because
of their numerous applications. Recall only that a function C : [0,1]2 → [0,1] is called a (bivariate) copula [24]
whenever it is

i) 2-increasing, i.e.,

VC

([u1, u2] × [v1, v2]
) = C(u1, v1) + C(u2, v2) − C(u1, v2) − C(u2, v1) ≥ 0

for all 0 ≤ u1 ≤ u2 ≤ 1, 0 ≤ v1 ≤ v2 ≤ 1 (recall that VC([u1, u2] × [v1, v2]) is the C-volume of the rectangle
[u1, u2] × [v1, v2]);

ii) grounded, i.e., C(u,0) = C(0, v) = 0 for all u,v ∈ [0,1];
iii) it has a neutral element e = 1, i.e., C(u,1) = u and C(1, v) = v for all u,v ∈ [0,1].

For more details, examples and applications we recommend monographs Joe (1997) [13] and Nelsen (2006) [22].
Fitting of an appropriate copula to real data is one of major tasks in application of copulas. For this purpose, a large
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buffer of potential copulas is necessary, preferably parametric families of copulas. Once we know approximately a
copula C appropriate to model the observed data, we look for a minor perturbation of C which fit better than C itself.
This is, e.g., the case of Farlie–Gumbel–Morgenstern (FGM) class of copulas, all of them being a perturbation of the
independence copula Π , Π(u,v) = uv. Recall that FGM family (CFGM

α )α∈[−1,1] of copulas is given by

CFGM
α (u, v) = uv + αu(1 − u)v(1 − v) (1)

see [8,11,21].
Several generalizations of FGM approach to perturb the product copula Π can be found in literature, see, for

example, [2,3,9,12,18,23].
As another example, consider the comonotonicity copula M , M(u,v) = min(u, v), and a parametric noise family

Hα : [0,1]2 → [0,1], α ∈ [0,1] given by Hα(u, v) = α(max(u, v) − 1). Then, for α ∈ ]0,1[,
MHα(u, v) = max

(
0,M(u, v) + Hα(u, v)

) = max
(
0, (1 − α)M(u, v) + α(u + v − 1)

)
defines a singular copula with support on 3 segments connecting the point ( α

1+α
, α

1+α
) with vertices (0,1), (1,1) and

(1,0) (if α = 0, MH0 = M ; if α = 1, MH1 = W is the countermonotonicity copula given by W(u,v) = max(0, u +
v − 1)).

Obviously, also some other copulas perturbations have attracted several researchers, adding some noise to a given
copula C, compare [1,14]. We have presented one such approach at AGOP 2013 conference [19], and the aim of this
paper is a deeper discussion of a general approach covering all mentioned perturbation methods.

For a given copula C : [0,1]2 → [0,1], we will look for constraints on the noise H : [0,1]2 → � so that the
function CH : [0,1]2 → [0,1] given by

CH (u, v) = max
(
0,C(u, v) + H(u,v)

)
(2)

is also a copula. Obviously FGM copulas given by (1) are linked to C = Π and Hα(u, v) = αu(1 − u)v(1 − v)

(observe that in this case, no truncation is necessary).
Recall that for each copula C it holds W ≤ C ≤ M , and thus the formula (2) can be considered also in the form

CH (u, v) = max
(
W(u,v),min

(
M(u,v),C(u, v) + H(u,v)

))
.

Our aim was to generalize the approach exemplified in the two above examples, and thus we work in this paper with
formula (2).

The paper is organized as follows. The next section is devoted to several examples and discusses the relationship
between C and H . In Section 3, we discuss perturbations of the product copula Π . Section 4 deals with some pertur-
bation of the copula M (and related perturbations of the copula W ). In Section 5, we discuss perturbations of radially
symmetric copulas. Section 6 brings an illustrative example of fitting copulas to real data. Finally, some concluding
remarks are added.

2. Perturbation of bivariate copulas

For a fixed copula C : [0,1]2 → [0,1], consider the function CH given by (2). To satisfy the groundedness condition
of copulas by CH , necessarily H(u,0) ≤ 0 and H(0, v) ≤ 0 for all u,v ∈ [0,1]. Similarly, e = 1 is a neutral element
of CH only if H(u,1) = H(1, v) = 0 for all u,v ∈ [0,1]. The main problem to ensure that CH is a copula is to
guarantee the 2-increasingness of CH , which depends both on C and H .

Example 1. Consider the Hamacher product copula CH (it belongs also to Clayton copulas, Ali–Mikhail–Haq copu-
las, etc.) given by

CH (u, v) = uv

u + v − uv

whenever (u, v) �= (0,0). For α ∈ �, let Hα : [0,1]2 → [0,1] be given by

Hα(u, v) = α
(
u2 − u3)(v2 − v3).
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