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Abstract

By introducing the new concepts of fuzzy β-covering and fuzzy β-neighborhood, we define two new types of fuzzy covering 
rough set models which can be regarded as bridges linking covering rough set theory and fuzzy rough set theory. We show the prop-
erties of the two models, and reveal the relationships between the two models and some others. Moreover, we present the matrix 
representations of the newly defined lower and upper approximation operators so that the calculation of lower and upper approxi-
mations of subsets can be converted into operations on matrices. Finally, we generalize the models and their matrix representations 
to L-fuzzy covering rough sets which are defined over fuzzy lattices.
© 2015 Elsevier B.V. All rights reserved.
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1. Introduction

Covering rough set theory [44] is an extension of classical rough set theory [26]. Starting in 2001, there is a recent 
surge of interest in covering based rough sets, and the existing studies show a great diversity of research on this topic 
[2,16,20,21,28,31,32,34,41,45–48]. Covering rough set as well as classical rough set is designed to process qualitative 
(discrete) data, and it faces great limitations when dealing with real-valued data sets since the values of attributes in 
databases could be both symbolic and real-valued [14]. Fuzzy set theory [43] however, is very useful to overcome 
these limitations, as it can deal effectively with vague concepts and graded indiscernibility. Nowadays, rough set 
theory and fuzzy set theory are two main tools being used to process uncertainty and incomplete information in the 
information systems. The two theories are related but distinct and complementary [27,40].

In the past two decades, the research on the hybridization between rough sets and fuzzy sets has attracted much 
attention. Intentions on combining rough set theory and fuzzy set theory can be found in different mathematical 
fields [17,19,25,33,39]. Dubois and Prade firstly proposed the concept of fuzzy rough sets [4,5] which combined these 
two theories and influenced numerous authors who used different fuzzy logical connectives and fuzzy relations to 
define fuzzy rough set models. Two essential works were done by Morsi et al. [24], and Radzikowska et al. [29]. The 
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former study used both constructive and axiomatic approaches, and the latter defined fuzzy rough sets based on three 
general classes of fuzzy implications such as S-implicators, R-implicators and QL-implicators. Despite generalizing 
the fuzzy connectives, they still used fuzzy similarity relations. Greco et al. [8,9] were the first to use reflexive fuzzy 
relations and Wu et al. [37,38] were the first to consider general fuzzy relations. Mi et al. [22,23] considered conjunc-
tions instead of t-norms and Hu et al. [11,12] studied fuzzy relations based on kernel functions. Furthermore, Yeung et 
al. [42] discussed two pairs of dual approximation operators from both constructive and axiomatic viewpoints. In ref-
erence [3], these different proposals were considered within a general Implicator-Conjunctor (IC)-based fuzzy rough 
set model that encapsulates all of them.

The most common fuzzy rough set is obtained by replacing the crisp binary relations and the crisp subsets with 
the fuzzy relations and the fuzzy subsets on the universe respectively. Recently, some fuzzy rough set models based 
on the concept of fuzzy covering were constructed [6,13,18,36], which can be viewed as bridges linking covering 
rough set theory and fuzzy rough set theory. In this paper, by introducing the concepts of fuzzy β-covering and 
fuzzy β-neighborhood, we define more general fuzzy covering rough set models. Properties of the models and their 
relationships with other rough sets are discussed.

A basic problem one faces in the investigation and application of rough sets is the calculation of lower and upper 
approximations for subsets of approximation spaces. For approximation spaces with large cardinals, such calculations 
would be tedious and prone to errors. An encouraging fact we find is that the lower and upper approximation operators 
we defined can be related to matrices, and further more, the calculation of lower and upper approximations can be 
converted into operations on matrices which greatly facilitate the calculation.

Besides the traditional fuzzy rough set, there are several other generalizations of the fuzzy rough set model appeared 
in the literature. For example, Radzikowska and Kerre have extended the fuzzy rough sets to L-fuzzy rough sets which 
defined over residuated lattices L [10,30]. In this paper, we further generalize the fuzzy covering rough set models by 
extending the range of fuzzy set from unit interval [0, 1] to fuzzy lattice L. We call the generalized models L-fuzzy 
covering rough sets. In addition, the matrix representations of the fuzzy covering rough set models are also extend to 
the L-fuzzy covering rough sets models.

The remainder of this paper is structured as follows. In Section 2, some preliminary definitions are introduced. 
In Section 3, we introduce two new concepts, i.e., the fuzzy β-covering and the fuzzy β-neighborhood, and discuss 
their properties. Two fuzzy covering rough set models are defined in Section 4, and their matrix representations are 
introduced in Section 5. In Section 6, we generalize the models and their matrix representations to L-fuzzy covering 
rough sets. We conclude the paper in Section 7.

2. Preliminaries

Let us first review some notions in covering rough set theory and fuzzy set theory.

Definition 2.1. (See [46].) Let U be a universe and C be a family of subsets of U . If no element in C is empty and 
U = ⋃

C∈C C, then C is called a covering of U , and the ordered pair (U, C) is called a covering approximation space.

For any x ∈ U , we can define the neighborhood of x as

Nx = ∩{C ∈ C : x ∈ C}.
The following definition of lower and upper approximation operators are widely used in many references.

Definition 2.2. (See [32].) Let (U, C) be a covering approximation space and X ⊆ U . The lower approximation P −(X)

and the upper approximation P +(X) of X are defined as

P −(X) = {x ∈ U : Nx ⊆ X}, P +(X) = {x ∈ U : Nx ∩ X �= ∅}.

Definition 2.3. (See [15].) Let U be a universal set. A fuzzy set Ã, or rather a fuzzy subset Ã of U , is defined by a 
function assigning to each element x of U a value Ã(x) ∈ [0, 1]. We denote by F(U) the set of all fuzzy subsets of 
U , i.e., the set of all functions from U to [0, 1], and call it the fuzzy power set of U .

For any Ã, B̃ ∈ F(U), we say that Ã is contained in B̃, denoted by Ã ⊂ B̃ , if Ã(x) ≤ B̃(x) for all x ∈ U , and we 
say that Ã = B̃ if and only if Ã ⊂ B̃ and B̃ ⊂ Ã.
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