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Abstract

Our paper deals with special constructions of general aggregation operators, which are based on a fuzzy equivalence relation and 
provide upper and lower approximations of the pointwise extension of an ordinary aggregation operator. We consider properties of 
these approximations and explore their role in the context of extensional fuzzy sets with respect to the corresponding equivalence 
relation. We consider also upper and lower approximations of a t-norm extension of an ordinary aggregation operator. Finally, we 
describe an approximate system, considering the lattice of all general aggregation operators and the lattice of all fuzzy equivalence 
relations.
© 2015 Elsevier B.V. All rights reserved.
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1. Introduction

In this paper we develop the concept of upper and lower general aggregation operators with respect to a fuzzy 
equivalence relation E. This concept was introduced and studied by the authors in [17,18]. In this paper we consider 
these operators as upper and lower approximations of a general aggregation operator and study their properties. In our 
previous works [15,16] we studied general aggregation operators based on a crisp equivalence relation instead of E. 
The idea was to aggregate fuzzy sets in accordance with classes of equivalence generated by this crisp equivalence 
relation. Taking into account that fuzzy equivalence relations represent the fuzzification of equivalence relations and 
extensional fuzzy subsets play the role of fuzzy equivalence classes, we consider the upper and lower general aggre-
gation operators in the context of extensional fuzzy sets. It is important that the results of upper and lower general 
aggregation operators corresponding to fuzzy equivalence E are extensional with respect to E. In some cases while 
aggregating extensional fuzzy sets it could be necessary to obtain as a result an extensional fuzzy set as well, but an 
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ordinary general aggregation does not ensure this property. We describe also upper and lower approximations of a 
t-norm extension of an ordinary aggregation operator.

The constructions of upper and lower general aggregation operators allow us to describe an approximate system 
(see e.g. [5,7,20,21]). Among the most important examples of approximate systems studied in [5,7,21] are approximate 
systems induced by fuzzy equivalence relations. These approximate systems are related to fuzzy rough sets, see 
e.g. [4].

The paper is organized as follows. In Section 2 we recall the definitions of an ordinary aggregation operator [1,3]
and a general aggregation operator acting on fuzzy structures [22]. Then we give the definition of upper and lower 
general aggregation operators and show that these operators are general aggregation operators themselves. We illus-
trate by the numerical examples how these constructions operate. We show that upper and lower general aggregation 
operators preserve properties of fuzzy real numbers in the sense of B. Hutton [8], which are the special type of fuzzy 
sets. One subsection is devoted to the case of a crisp equivalence relation. Here we recall the construction of gen-
eral aggregation operator, which aggregates fuzzy sets in accordance with classes of equivalence generated by crisp 
equivalence relation ρ.

In Section 3 we consider properties of upper and lower general aggregation operators with respect to extensional 
fuzzy sets. These operators are considered as aggregations which take values in the class of all extensional fuzzy 
sets, which could be treated as an advantage in some particular problems [13]. We show that upper and lower general 
aggregation operators are the best upper and lower approximations of a general aggregation operator respectively from 
such class of general aggregations.

In Section 4 we consider the constructions of upper and lower general aggregation operators based on a t-norm 
extension of an ordinary aggregation operator. We show that these operators also preserve the properties of inputs in 
the form of fuzzy real numbers.

Section 5 is devoted to approximate systems. We recall the definition of M-approximate system [5,7,20,21], which 
provides an alternative view on the relations between fuzzy sets and rough sets. In the context of M-approximate 
systems two lattices L and M play the fundamental role. We provide the construction M-approximate system induced 
by fuzzy equivalence relation based on upper and lower general aggregation operators. This construction uses the 
lattice of all general aggregation operators and the lattice of all fuzzy equivalence relations.

2. Upper and lower general aggregation operators based on fuzzy equivalence relation

In this section first we will remind the definitions of an ordinary aggregation operator as well as a general aggrega-
tion operator, which acts on fuzzy structures. As the examples of widely used aggregation operators we can mention 
the arithmetic and geometric means, the minimum and maximum operators, t-norms and others.

2.1. General aggregation operators

Let us start with the classical notion of an aggregation operator (see, e.g., [1,3,6]).

Definition 2.1. A mapping A : ⋃
n[0, 1]n → [0, 1] is called an aggregation operator if and only if the following 

conditions hold:

(A1) A(0, . . . , 0) = 0;
(A2) A(1, . . . , 1) = 1;
(A3) for all n ∈N and for all x1, . . . , xn, y1, . . . , yn ∈ [0, 1]:

x1 ≤ y1, . . . , xn ≤ yn =⇒ A(x1, . . . , xn) ≤ A(y1, . . . , yn).

Conditions (A1) and (A2) are called the boundary conditions of A, but (A3) means the monotonicity of A.

The general aggregation operator Ã acting on [0, 1]X , where [0, 1]X is the set of all fuzzy subsets of a set X, was 
introduced in 2003 by A. Takaci [22]. We denote an order on [0, 1]X by �. The least and the greatest elements of this 
order are denoted by 0̃ and 1̃, which are indicators of ∅ and X respectively, i.e.
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